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Abstract

The Maltsev product V o W of varieties VV and WV of the same type, is the class of all alge-
bras A that have a congruence 6 such that the quotient A/6 belongs to WV and every congruence
class of 6 which is a subalgebra of A belongs to V. The class V o VW may not be a variety. We
identify a class of varieties that behave well as the second factor of the Maltsev product. We call
them term idempotent varieties. They include in particular all idempotent varieties. The main
result of this work is a sufficient condition for the Maltsev product )V o W of a variety V and a
term idempotent variety WV to be a variety. We use this sufficient condition to derive a number
of other sufficient conditions. One of the most interesting of these results states that the Maltsev
product VV o W of any congruence permutable variety )V and any term idempotent variety WV is
a variety. We provide an equational base for the variety generated by a Maltsev product of two

varieties.
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Streszczenie

Produkt Malceva V o W rozmaitosci V i W tego samego typu to klasa zlozona ze wszys-
tkich algebr A, ktore posiadaja kongruencje 0, taka ze iloraz A/ nalezy do W, a kazda klasa
abstrakcji, ktora jest podalgebra A, nalezy do V. Klasa V o YW moze nie by¢ rozmaitoscia. Zi-
dentyfikowali$my klas¢ rozmaitosci, ktére zachowuja si¢ dobrze jako drugi czynnik produktu
Malceva. NazwaliSmy je rozmaitosciami termowo idempotentnymi. Do tej klasy naleza w
szczegblnosci wszystkie rozmaitosci idempotentne. Gtéwnym wynikiem tej pracy jest warunek
dostateczny na to, aby produkt Malceva V o V¥ rozmaitosci V oraz rozmaito$ci termowo idem-
potentnej WV byt rozmaitoscia. Z tego warunku dostatecznego wyprowadziliSmy seri¢ pochod-
nych warunkéw dostatecznych. Jeden z najciekawszych mowi, ze dla dowolnej rozmaitosci V,
ktora ma przemienne kongruencje, oraz dowolnej rozmaitosci termowo idempotentnej W, pro-
dukt Malceva V o W jest rozmaito$cia. Podali$my rowniez bazg rownos$ciowa dla rozmaitosci

generowanej przez produkt Malceva dwdch rozmaitosci.

Stowa kluczowe

produkt Malceva, rozmaitos$¢, rozmaito$¢ termowo idempotentna, baza rownosciowa.
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1 Introduction

For a class C of algebras, the Maltsev K—product C ox D of classes C, D C K, is the class that
consists of all algebras A € K which have a congruence 6, such that the quotient A/6 belongs
to D and each congruence class of 6 which is a subalgebra of A that belongs to K, belongs to C,

1.€.

CoxD={AeK |30 A/0 €D, YVac A (a0 <A a/d eK = a/fC)}. (1.1)

Let A be the class of all algebras of a given type. The Maltsev .A—product C o4 D will be called
the absolute Maltsev product or simply the Maltsev product and will be denoted by C o D. A
variety is a class of algebras which is closed under subalgebras, arbitrary direct products, and
homomorphic images. Maltsev —products were introduced by Maltsev [15] in order to extend
the product of varieties of groups defined by Neumann [17] to arbitrary classes of algebras. If
G is the variety of groups, then for any subvarieties V, VW C G, the Maltsev G—product V og W
coincides with the Neumann product of )V and W.

Maltsev K—products offer a context for different algebraic constructions such as group ex-
tensions, semilattices of semigroups (see [12]), or semilattice sums of algebras (see [20]). For
any classes C and D of groups, the Maltsev G—product C og D consists of all extensions of groups
in C by groups in D. If Sg is the variety of semigroups and § is the variety of semilattices, then
for any class C of semigroups, the Maltsev Sg—product C os, S consists of all semilattices of
C—semigroups. If a type €2 obeys certain mild conditions, then there exists a unique variety Sg,
of the type €2 which is equivalent to the variety of semilattices. For any class C of algebras of
such a type, the Maltsev product C o S, consists of all semilattice sums of algebras in C.

Maltsev K—products are applied to describe the structure of classes of algebras. E.g. let B
be the variety of bands (idempotent semigroups) and Rb be the variety of rectangular bands
(bands that satisfy the identity (z - y) - = = x - z). By a theorem of Clifford and McLean
[12, Thm. 3.1], every band is a semilattice of rectangular bands, so B can be decomposed as the

Maltsev B—product Rb oz S. Neumann [17] proved that every variety of groups can be uniquely
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decomposed as a Maltsev G—product of indecomposable varieties. Analogous or similar results
have been obtained e.g. for varieties of Brouwerian semilattices by Kohler [14], varieties of
generalized interior algebras by Blok and Kdohler [4], and varieties of lattices by Gritzer and
Kelly [9].

A prevariety is a class of algebras which is closed under subalgebras, arbitrary direct prod-
ucts, and isomorphic images (see [21, Def. 1.5.11]). A quasivariety is a prevariety which is
additionally closed under directed colimits (see [21, p. 158]). Every variety is a quasivariety.
In the basic paper [15], Maltsev investigated sufficient conditions for Maltsev —products of
prevarieties, quasivarieties, and varieties to be prevarieties, quasivarieties, and varieties respec-

tively.

Theorem 1.1. [15, Cor. 5] Let P be a prevariety. Every Maltsev P—product of prevarieties is a

prevariety.

Theorem 1.2. [15, Cor. 5] Let Q be a quasivariety. If the type of Q is finite, then every Maltsev

O-product of quasivarieties is a quasivariety.

A variety V is congruence permutable if for any algebra A € V and any pair of congruences
6 and ¢ of A, one has # o) = 1) o §. A variety V is polarized if every nonempty algebra of V

contains exactly one idempotent element.

Theorem 1.3. [15, Thm. 7] Let U be a variety. If U is congruence permutable and polarized,

then every Maltsev U—product of varieties is a variety.

Iskander [13] gave a sufficient condition for a Maltsev U/—product of varieties to be a va-
riety, which is weaker than the condition presented in Theorem 1.3. A variety U is weakly
congruence permutable if every nonempty algebra of U/ contains an idempotent element and

there exist terms p(z, y, z) and ¢(x), such that U satisfies the identities p(¢(x), y,y) = t(z) and
p(t(x), 1(x),y) = y.
Theorem 1.4. [13, Thm. 4.11] Let U be a variety. If U is weakly congruence permutable, then

every Maltsev U—product of varieties is a variety.
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For any weakly congruence permutable variety I/ and any subvarieties V, VW C U, Iskander
gave an equational base relative to I/ for the variety V oy W.

Some authors investigated sufficient conditions for a Maltsev U/—product of varieties to be
a variety for specific varieties /. Gritzer and Kelly [10] considered Maltsev L—products for
the variety £ of all lattices. They showed that if a variety of lattices V is closed under a certain
construction called gluing, then the Maltsev L—product V o, D is a variety, where D is the
variety of distributive lattices.

The sufficient condition of Iskander cannot be applied to the case of the absolute Maltsev
product of varieties, because the variety of all algebras of a given type is not weakly congruence

permutable. Bergman [1] gave a sufficient condition that applies to this case.

Theorem 1.5. [1, Cor. 2.3] Let V and W be idempotent varieties. If the join V N W is congru-

ence permutable, then the Maltsev product V o VW is a variety.

The focus of this work are sufficient conditions for the absolute Maltsev product )V o W of
varieties V and W to be a variety. We obtain a Maltsev style sufficient condition which requires
the existence of certain terms such that )V and W satisfy certain identities involving these terms.
We then apply this general sufficient condition to derive a number of other sufficient conditions.
One of these sufficient conditions extends Theorem 1.5 to the case when )V V WV is a congruence
3—permutable variety (i.e. for every pair of congruences ¢ and v of an algebra A € V V W, one
hasf o1 o 8 = 1) o 6 o). We provide an equational base for }V o VV in case when it is a variety.
More generally, for varieties V, W C U, we provide an equational base relative to U/ for the
variety generated by V o, W. In order to achieve the results of this work, we define the notions
of a term idempotent, a term idempotent identity, and a term idempotent variety. We develop a
theory of these objects.

Chapter 2 describes the preliminary notions and theorems of universal algebra which we use
throughout this work. In Chapter 3 we define a special kind of terms for a given variety V which
we call term idempotents of ). These are the terms ¢ such that in any algebra A € V), all values

of the corresponding term operation ¢ are idempotent elements of A. The name is motivated by
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the fact that a term ¢ is a term idempotent of a variety V if and only if (the equivalence class of) ¢
is an idempotent element of the free algebra of V over countably infinitely many generators. An
example of a term idempotent is the term x - 2! in varieties of groups. Unary term idempotents
were already introduced by Iskander [13] under the name of unit terms. However the results of
this work demonstrate the utility of considering term idempotents of arbitrary arities. In the study
of Maltsev products an important role is played by congruence classes which are subalgebras,
as the definition (1.1) suggests. Term idempotents can be used to keep track of such congruence
classes. We describe the properties of term idempotents.

In Chapter 4, we apply term idempotents to construct for any varieties V, W C U, a set of
identities that defines relative to U/ the variety generated by the prevariety V' o, W. In parti-
cular this yields an equational base for the variety generated by the Maltsev product V o VW of
any varieties V' and Y of the same type. Both sides of every identity in this equational base
are term idempotents of V. This motivates the following definition. If an identity u = v is
true in a variety ) and both u and v are term idempotents of V), then we will call w = v a term
idempotent identity of ). Identities of this kind are examined in Chapter 5. In Chapter 6 we use
term idempotent identities to define term idempotent varieties. These are varieties V) such that
every nontrivial identity true in V is a term idempotent identity of V. We present a number of
examples of term idempotent varieties. In particular every variety which is idempotent is also
term idempotent. We investigate the properties of individual term idempotent varieties and of
the class of all such varieties of a given type.

Chapter 7 is concerned with replica congruences. For a variety V and an algebra A of the
same type, the V—replica congruence of A is the smallest congruence of A such that the corre-
sponding quotient belongs to V. The importance of replica congruences in the theory of Maltsev
products of varieties comes from the fact that in order to check whether an algebra belongs to
the Maltsev product }V o W of varieties )V and WV, the only congruence 6 that one needs to con-
sider in the definition (1.1) is the YW-replica congruence. We provide an explicit construction of

the replica congruence. We exploit this construction to obtain several results about VW-replica

14



congruences of algebras in the variety generated by V o WW. We also apply it to prove a charac-
terization of term idempotent varieties as varieties V such that for every algebra A, all congru-
ence classes of the W-replica congruence of A which are not subalgebras of A are singletons.
Compare this to idempotent varieties VV for which all congruence classes of any VW-replica con-
gruence are subalgebras. This property of term idempotent varieties ensures that they behave
almost as well as idempotent varieties in the role of the second factor of the Maltsev product.
In Chapter 8, we prove the main result of this work — a sufficient condition for the Maltsev
product V o W of a variety V' and a term idempotent variety }V to be a variety. This result is the
culmination of research partly published in [3], [18], and [19]. In this work we employ a new
proof strategy that allows us to obtain a sufficient condition which is considerably weaker than
the one presented in [19]. In Chapter 9, we obtain other sufficient conditions as corollaries of
the main theorem and we provide examples of their application. One of the most interesting of
these results states that the Maltsev product VV o WV of any congruence permutable variety VV and

any term idempotent variety VV is a variety.
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2 Preliminaries

The books [2], [5], [16], and [21] will be used as references for basic notions of universal al-
gebra. A similarity type, or briefly a type, is a set {2 of symbols of basic operations together
with an assignment of a natural number called arity to each symbol f € 2. When we consider
different algebras, varieties, or terms in the same context, then unless stated otherwise, we im-
plicitly assume that they are of the same type. In particular we only consider Maltsev products
of varieties of the same type. We denote an algebra and its universe by the same symbol.

We denote by 75 (X)) the set of terms of a type (2 over a set X of variables. We write 7'(.X) if
there is no risk of confusion. We denote finite (indexed) sets {1, ..., z, } of (pairwise distinct)
variables by . We denote the set of variables that occur in a term ¢ by var(t). If var(¢) has n
elements, then we say that ¢ is n—ary. If for a term ¢ we write ¢(x), it means that var(¢) C x.
We will use the first infinite ordinal w as the standard countably infinite set of variables. Unless
stated otherwise, all sets @ of variables that we consider are subsets of w and all terms that we
consider belong to 7'(w).

We denote finite (indexed) sets {ay, . . ., a, } of elements of a given algebra by a. We denote
the set of substitutions a of elements of an algebra A for variables of by A*. A term ¢t and a
finite set D var(t) of variables determine the term operation t*(x): A* — A of an algebra A.
We denote the value of a term operation t*(x) on elements a € A® by t(a).

An element a of an algebra A is an idempotent element or an idempotent of A if for every
f € Q, one has f(a,...,a) = a. Equivalently, a is an idempotent of A if {a} is a subalgebra
of A. An algebra A is idempotent if all elements of A are idempotents. Note that for a type €2
that contains symbols of constants (nullary basic operations), if an algebra A of the type €2 has

an idempotent, then this idempotent is unique and it coincides with every constant of A.

2.1 Varieties and identities

We will say that a class C of algebras is of a type 2 if all algebras in C are of the type (2. We

will assume that all classes of algebras which we consider in this work consist of algebras of
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the same type. A prevariety is a class of algebras which is closed under subalgebras, arbitrary
direct products, and isomorphic images (see [21, Def. 1.5.11]). A variety is a prevariety which
is closed under homomorphic images (see [5, Def. 9.3]). Algebras that belong to a variety ) are
called V—algebras. A variety V is idempotent if every V—algebra is idempotent. The smallest
variety that contains a class C of algebras is called the variety generated by C. It follows from
Tarski’s theorem (see [5, Thm. 9.5]) that the variety generated by a prevariety P coincides with
the class H(P) of all homomorphic images of algebras in P.

Varieties of a given type €2 form a complete lattice with respect to the class inclusion. For
varieties V;, i € I, the meet /\ V; and the join \/

V; is the intersection [ V; 1s the variety

iel iel i€l
generated by the union | J,.; V;. The maximum variety is the variety A, of all algebras of the
type €2. The minimum variety is the trivial variety T, that consists of all single-element algebras
of the type (2 and of the empty algebra in case when (2 has no symbols of constants. We will write
A and T instead of Aq and 7T, if there is no risk of confusion. Lattices of varieties are discussed
in [2, Sec. 4.5].

An identity or an equation is a formula of the form v = v, where v and v are terms. The
terms u and v are called the left-hand side and the right-hand side of the identity respectively.
An algebra A satisfies an identity u(x) = v(x) if u(a) = v(a) forall a € A®. Ifall V-algebras
satisfy an identity o, then we say that o is true in V or that V satisfies o and we write V |= o.
For a set ¥ of identities, we write V |= X if V |= o for all o € X. An identity is trivial if it is
of the form ¢ = ¢ for some term ¢; otherwise it is nontrivial. Every variety satisfies all trivial

identities. If V |= u = v, then we say that terms u and v are equivalent in V or V-equivalent.

A class C of algebras is defined by a set X of identities if for every algebra A,
AeC <= AEX

Theorem 2.1. [5, Thm. 11.9] 4 class of algebras is a variety iff it is defined by a set of identities.

A set of identities that defines a variety V is called an equational base for V. A subvariety

18



W of a variety V is defined relative to V by a set . of identities if for every V—algebra A,

Ae)W <= AEXL

In this case for any equational base >y of V, the union X U Xy, is an equational base for V.
A magma 1is an algebra with a single basic operation that is binary. Below, we introduce
several varieties of magmas which we will frequently encounter throughout the text (see [12]):
(1) Sg of all semigroups defined by the associative law (z -y) -z =z - (y - 2),
(2) B of all bands defined relative to Sg by the idempotent law x - x = x,
(3) S of all semilattices defined relative to B by the commutative law x -y =y - z,
(4) Rb of all rectangular bands defined relative to 3 by the identity (z - y) -z = - 2,
(5) Lz of all left-zero semigroups defined relative to Sg (or to B) by the identity = - y = =,
(6) Rz ofall right-zero semigroups defined relative to Sg (or to I3) by the identity x - y = .
An identity o is a consequence of a set X of identities if whenever an algebra satisfies the
identities in Y, it also satisfies . One may infer the consequences of a given set of identities
using the following rules of inference of equational logic (see [5, Sec. 14]).
(el) Infer p = p, for any term p.
(e2) From u = v infer v = w.
(e3) From v = v and v = w infer u = w.
(e4) From u(xy,...,z,) =v(xy,...,x,) infer u(ty, ... t,) = v(ty, ..., tn),
for any terms ¢4, ..., t,.

(e5) From u = v infer t(u, ) = t(v,x), for any term t(y, x).

Theorem 2.2. [5, Thm. 14.19] A4n identity o is a consequence of a set Y. of identities iff o can

be inferred from the identities in 3. using the rules of inference of equational logic.

The set Id(V) of all identities true in a variety V is called the equational theory of V. A
set of identities is called an equational theory if it is the equational theory of some variety (see
[5, Def. 14.9]). A set of identities is an equational theory iff it contains all of its consequences.

A set X C Id(V) is an equational base for a variety V iff all identities in Id()V) are consequences
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of the identities in >, or equivalently if the smallest equational theory that contains > is Id()V).
We say that a term ¢(z1, ..., z,) is constant in a variety V if for every algebra A € V), the

term operation t*(zy, ..., ,) has a constant value, or equivalently if

ViEt(ry,.. .,z =ty Yn)-
Note that every nullary term is constant.

Lemma 2.3. A4 term that is V—equivalent to a constant term of a variety V is also a constant

term of V.

Proof. The term operations that correspond to V—equivalent terms have the same values in al-

gebras A € V, so either both have a constant value or both do not. [

Let V and V' be varieties of types €2 and ' respectively. Let p: Q — T/ (w) be a function
that assigns to a symbol f(z1,...,2,) € Qaterm ¢(f)(z1,...,2,) € To(w). Then there is
a corresponding class function ¢*: Ao — Agq that assigns to an algebra A € Aq an algebra
©*(A) € Aq that has the same universe as A, and is such that for every n—ary symbol f € (2,
the basic operation f¢"(4)(x,..., x,) is defined as the term operation ¢ (f)*(x1,...,z,). For
a symbol ¢ € ) of a constant, ¢(c) is allowed to be a unary term which is constant in }’. In this
case the constant c¥"(4) is defined as the constant value of ¢(c)?(x). If p*(V') C V, then ¢ is
called an interpretation of V in V',

Varieties V and V' are equivalent if there exist interpretations ¢ of V in V' and ¢ of V' in V),
such that *(¢)*(A)) = Aforall A € V and ¢*(¢*(B)) = Bforall B € V' (see[16, Sec. 4.12]).
For a given variety we will sometimes want to construct an equivalent variety of a different type.

We will use combinations of the following three equivalences.

Example 2.4. Let V be a variety of a type 2. For an n—ary f € Q, let Q' = QU {f}, where f’
is also n—ary. Define a variety V'’ of the type 2’ by the identities that define V' and the identity
f'(x1,...,x,) = f(21,...,2,). Then varieties V and V' are equivalent, because f’ can be inter-

preted in V as f.
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Example 2.5. Let V be a variety of a type 2. Let Q' = Q U {u}, where u is unary. Define a
variety V' of the type (2’ by the identities that define )V and the identity u(x) = x. Then varieties

V and V' are equivalent, because u can be interpreted in ) as the term .

Example 2.6. Let V be a variety of a type () that contains a symbol of a constant c. Let the
type ' be the same as the type €2 except with ¢ replaced by a unary symbol ¢(z). Define a
variety V' of the type €’ by the identities that define V except with ¢ replaced by ¢(z), and by
the identity c(x) = ¢(y). Then varieties V and V' are equivalent, because ¢ may be interpreted

as c(z) and vice versa.

An identity u = v is regular if var(u) = var(v); otherwise it is irregular. An irregular
identity is strongly irregular if it is of the form t¢(x,y) = x for some binary term ¢(z,y). E.g.
the associative law is regular and the absorption laws are strongly irregular. A variety is regular
if it satisfies only regular identities; otherwise it is irregular (see [21, p. 48]). Every irregular
variety satisfies some irregular identity of the form #(x,y) = wu(x). An irregular variety is
strongly irregular if it satisfies some strongly irregular identity (see [21, p. 184]).

For a given type (2, let S, be the variety defined by all regular identities of the type 2. A
type is called plural if it has no symbols of constants and it has a symbol of a basic operation of
arity at least two (see [21, p. 11]). If Q2 is a plural type, then S, is the unique variety of the type €2
that is equivalent to the variety S of all semilattices. Algebras in S, are called (2—semilattices

(see [21, Ex. 1.5.4]). We will denote S, simply by S. The variety S is idempotent and regular.
2.2 Congruences

A congruence 0 of an algebra A is an equivalence relation on A that preserves operations, i.e. for
every n—ary f € Q,if (a1, b1), ..., (an, b,) € 0, then (f(ay,...,an), f(by,...,b,)) € 6 (see [5,
Def. 5.1]). Equivalence classes of a congruence are called congruence classes. We denote the
congruence class of an element a € A by a/6. The quotient A/6 is an algebra whose universe
is the set of congruence classes of # and in which the value of an n—ary basic operation f on

congruence classes a,/6, ..., a,/0 is the congruence class f(ay,...,a,)/0. A homomorphism
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nat(f): A — A/6 which maps an element a € A to its congruence class a/6 is called the natural
homomorphism.
Congruences of an algebra A form a complete lattice. The meet and the join of a family of

congruences 6;, ¢ € I, are given by

No:i=(0, Vo= U 6iob,o--00.

iel i€l i€l n>1iy,...in€l

The minimum and maximum congruences are
As={(a,a)|ae€ A}, Vai=AXxA.
For a homomorphism h: A — B, we denote by kerh the congruence of A defined by
(a,b) € kerh <= h(a) = h(b).

Theorem 2.7. [5, Thm. 6.12] If h: A — B is a surjective homomorphism, then there exists an

isomorphism ¢: A/ kerh — B given by
©(a/kerh) = h(a), Va € A.

For congruences ¢ C 1) of an algebra A, we denote by 1)/ the congruence of the quotient

algebra A /6 defined by

(a/0,b/0) € /0 <—  (a,b) € 1.
Theorem 2.8. [5, Thm. 6.15] Let 6 and i) be congruences of an algebra A. If 0 C 1), then there
exists an isomorphism p: (A/0)/(¢¥/0) — A/ given by

v((a/0)/(v/0)) =a/,  Vae A

For elements a < b of a lattice L, let [a, b] denote the interval {x € L | a < x < b}. Itisa

sublattice of L.

Theorem 2.9. [5, Thm. 6.20] Let A be an algebra and 6 be a congruence of A. There is an

isomorphism @ between the interval [0,V 4] and the lattice of congruences of A/0 given by

p()=v/0, VY20
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For congruences 6 C 1) of an algebra A, if C'is a congruence class of ¢/ /6, then
Jo={acAla/ecy

is a congruence class of ¢). The assignment C' — | JC' coincides with the isomorphism ¢ of

Theorem 2.8.

Lemma 2.10. Let 0 C 1 be congruences of an algebra A and C' be a congruence class of 1 /0.

Then C'is a subalgebra of A/0 iff |J C is a subalgebra of A.

Proof. Let f € Qand a,/0,...,a,/0 € C. Then
flar/o,....a,/0) €C = flar,...,a,)/0 €C < flar,...,a,) €| JC. O

We say that congruences 6 and ¢ permute if 6 o ¢ = 1 o . If all pairs of congruences
of an algebra A permute, then we say that A is congruence permutable. A variety V is called
congruence permutable if all algebras in } are congruence permutable. Examples of congruence
permutable varieties include varieties of groups, quasigroups, rings, and modules. A ternary

term f(x,y, z) is called a Maltsev term for a variety V if V satisfies the identities f(z,y,y) = x

and f(z,2,y) = y.
Theorem 2.11. [5, Thm. 12.2] A4 variety is congruence permutable iff it has a Maltsev term.

For congruences 6 and 1) of an algebra A and n > 0, let

AA, n = O,
Ooptp =14 (0o,19)0f, nisodd,
(B o, 1) 01, niseven.

We say that congruences 6 and i) n—permute if 6 o, ¢ = ) o, 6. If all pairs of congruences
of an algebra A n—permute, then we say that A is congruence n—permutable. A variety V is
called congruence n—permutable if all algebras in V' are congruence n—permutable. Note that

congruence 2—permutability is just congruence permutability.

Theorem 2.12. [11, Thm. 2] Let n > 2. A variety V is congruence n—permutable iff there are

terms p1(,Y, 2), ..., Pn_1(T,y, z) such that V satisfies the following identities
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(1) z=pi(z,9,9)
() pi(x,z,y) = pis1(z,y,y), foralll <i<n-—2,

() pr-1(z, 2,y) =y.
The following lemma characterizes the congruence classes which are subalgebras.

Lemma 2.13. Let 0 be a congruence of an algebra A. A congruence class a/ is a subalgebra

of Aiff a/0 is an idempotent of A/6.

Proof. Assume that a congruence class a/6 is a subalgebra of A. Then f(a,...,a) € a/6f for

every f € (). Thus
fla/0,...,a/0) = f(a,...,a)/0 =a/0

for every f € 2. Hence a/f is an idempotent of A/6.
Now assume that a/6 is an idempotent of A/0. Then for every n—ary f € 2 and every

bi,...,b, € a/0 one has

b1 )/ = F(b1/0,. b,)0) = f(a)0, .. a/0) = /6.
Hence f(b,...,b,) € a/0, and so a/6 is a subalgebra of A. O
2.3 Replica congruences and free algebras

Let V be a variety and A be an algebra. A congruence 6 of A such that A/ € V is called a
V—congruence of A. In every algebra A there exists the minimum V—congruence of A, which is
the intersection of all V—congruences of A. It is called the V—replica congruence of A. We will
denote it by ¢4. The quotient A/oY is called the replica of A in V. For varieties V C U, one
has the inclusion o4 C oY for any algebra A. See [21, Sec. 3.3] for the discussion of replicas

and replica congruences.
Lemma 2.14. Let h: A — B be a homomorphism. If (a,b) € o4, then (h(a), h(b)) € o%.

Proof. There exists a unique homomorphism h': A/o4 — B/% such that the following dia-
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gram is commutative (see [21, diagram on p. 124]):

A—" B

nat(o} )l lnat(@E)

Alo% —— B/o}
Suppose (a,b) € o4. Since a and b have the same image under nat(oY ), they also have the same
image under /' o nat(oY4). Thus a and b have the same image under nat(¢%) o h. It follows that

h(a) and h(b) have the same image under nat(p%). Hence (h(a), h(b)) € 0%. O

Lemma 2.15. Let V;, i € I, be varieties, YV be the meet \,_,; V;, and A be an algebra. Then

iel
w_ Vi
ot =\/ex-
el

Proof. Let =\/,., 0'i. By Theorem 2.8, for every i € I,

AJ0 = (A)0)/(0])0%).

Hence A/0 is a quotient of a V,—algebra for every i € I, so it lies in the intersection V. Thus 6
is a WW—congruence of A.
Let ¢y be a WW—congruence of A. Then forevery ¢ € I, 1) is also a V;—congruence, so in C .

Hence 6 C 1), and thus @ is the minimum »V—congruence of A. [

Lemma 2.16. Let V be a variety, A be an algebra, and 0 be a congruence of A. Then

Oaso = (0V 24)/0.

Proof. By Theorem 2.8,

(A/0)/((0 v 04)/0) = A/ (v o%) = (A/24) /(0 V 0})/0%)-

The rightmost algebra is a quotient of the V-replica A/ oY, so it belongs to V. Hence (6 V 0%)/6
is a V—congruence.
By Theorem 2.9, every congruence of A/ is of the form v)/6 for some congruence ¢ O 6

of A. Let ¢)/0 be a V—congruence of A/6. Then, by Theorem 2.8,

Al = (A)0)/(1/0) € V.
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Thus 1 is a V—congruence of A. Hence oY% C 1), which entails § \V ¢4 C 1. Consequently, one

has the inclusion (6 VV 04)/0 C 1/0, so (6 V ¢4)/0 is the minimum V—congruence of A/6. [

The free algebra of a variety V over a set X of generators is the (unique up to isomorphism)
algebra F),(X) for which there exists an injection ¢: X — F),(X) such that for every algebra
A €V, any function f: X — A extends uniquely to a homomorphism h: F),(X) — A, i.e. one
has f = h o (see [21, Def. 3.3.4]).

The following two theorems follow from [5, Cor. 10.11] and [5, Cor. 11.10] respectively.
Theorem 2.17. Every algebra in a variety V is a homomorphic image of a free algebra of V.
Theorem 2.18. Let P be a prevariety. All free algebras of the variety H(P) belong to P.
Corollary 2.19. A variety contains all of its free algebras.

Corollary 2.20. If all free algebras of a variety V belong to a prevariety P, then V C H(P).
Proof. By Theorem 2.17,V = H({F\,(X) | X isaset}) C H(P). O

A term algebra over a set X of variables is an algebra whose universe is the set 7'(X) of
terms and in which the value of an n—ary basic operation f on terms ¢4, . .., t, is the composite
term f(t1,...,t,) (see [5, Def. 10.4]).

The following theorem follows from [5, Thm. 10.10].

Theorem 2.21. The free algebra of a variety V over a set X of generators is given by
Fy(X) = T(X)/Q]Y}‘(X)'

It follows from [5, Thm. 11.4] that the V-replica congruence of the term algebra 7'(X) is
given by

(u,v) € g¥(X) — VEu=vo. (2.1)

Elements of F),(X) are thus equivalence classes that consist of V—equivalent terms. For a term

t € T(X), we will usually denote its equivalence class ¢/ Q¥( ¥ by [t].
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Corollary 2.22. LetV C U be varieties and F be the free U—algebra over a set X of generators.

Then oy, = Q}j’(X)/QJL“[(X)'

Proof. Since of ) C 07 x)» the join of ) V 0fx, coincides with o}, y,, so the conclusion

follows from Lemma 2.16. O]

Corollary 2.23. Let V C U be varieties, I be the free U—algebra over a set X of generators,

and u,v € T(X). ThenV = u = v iff ([u],[v]) € ok
Proof. Let T be the term algebra T'(X). By Corollary 2.22, 0% = o%/0o%. Hence

ViEu=v < (wv)eo <<= (u/of v/of)ecor/of <~ ([u],[v]) € op,
where the first equivalence holds by (2.1). [

Corollary 2.24. Let V;, i € I, be varieties. If \,.; Vi = u(x) = v(x), then there exist terms
u = ti(x),ta(x), ..., t,(x) = v such that for each 1 < k < n, there is some i € [ such that

Vi Ete = tig

Proof. LetW = A\;.; Vi. By (2.1), (u,v) € o}Y,. By Lemma 2.15, 9% = \/;; 07, Hence

there are t1, ... ,t, € T'(x) such that t; = u, t, = v, and foreach 1 < k < n, (t,tx11) € Q;;f(m)

for some ¢ € I. The conclusion follows by (2.1). [
2.4 Maltsev products

The definition of the Maltsev product of varieties V and W of the same type is slightly simpler

than the general definition,
VoW={A]|30 A/0 €W, Yace A (a/0 <A = a/f € V)}. (2.2)

Let us mention some of the basic properties of the Maltsev product of varieties (see [15]).
For any varieties V, V', V', W, W, and U of the same type, the following conditions hold:
(1) VoW is a prevariety,

2 VWC VoW,
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BG)ifvVCVand W C W, thenVoW CV oW,
4) Vo(Vo V") T (VoV)oV",
S) VoT =V,
(6) AoV =Vo A=A,
(7)) itV W C U, thenV oy W= (VoW)NU.
The following theorem shows that in order to see whether an algebra A belongs to a Maltsev
product V o W, we only need to consider the W-replica congruence of A as a candidate for the

congruence 6 in the definition (2.2). It follows from [15, Cor. 4].

Theorem 2.25. LetV and VV be varieties. Then
VoW ={A|Vac A (a/o} <A = a/d} €V}
We will make use of the following lemma.

Lemma 2.26. Let V and W be varieties, A € V o W, and 0 be a congruence of A. If § C o,

then A/ € VoW.

Proof. By Lemma 2.16, 0% /0 is the W-replica congruence of A/0. Let C be a congruence
class of 0% /0 which is a subalgebra of A/f. Then by Lemma 2.10, D = | J C is a congruence
class of ¢%¥ which is a subalgebra of A. By Theorem 2.25, D € V. Since C is the image of D

under the natural homomorphism nat(f), one has C' € V. Hence A/0 € V o W. O]
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3 Term idempotents

A term ¢ will be called a term idempotent of a variety V (see [19]) if
VIEft... t)=t, Vf e

It follows that for a term idempotent ¢ of V),

The following proposition justifies the name.

Proposition 3.1. [19] 4 term t is a term idempotent of a variety V iff the equivalence class [t ]

is an idempotent of the free algebra F\;(w).

Proof. Assume that ¢ is a term idempotent of V. Then for any f € 2,

so [t] is an idempotent of Fy,(w).

Now assume that [¢ ] is an idempotent of F);(w). Then for any f € €,

so t is a term idempotent of V. O
The usefulness of term idempotents comes from the following property.

Proposition 3.2. [19] 4 term t(x) is a term idempotent of a variety V iff for every A € V and

a € A”, the value t(a) is an idempotent of A.

Proof. Lett(zy,...,x,) be aterm idempotent of V and A € V. If b = t(a4,...,a,) for some

ai,...,a, € A, then for any f € Q,

f(b,....b) = f(tlay,...,an),... t(ar,...,a,)) =t(ay,...,a,) =b.

Thus b is an idempotent of A.
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Assume that for every algebra A € V and every a € A®, the value ¢(a) is an idempotent
of A. In the free algebra F' = F),(w), the equivalence class [ ] is the value of the term oper-
ation t!'(xy,...,x,) on arguments [x,],...,[z,], so it is an idempotent of F'. Therefore, by

Proposition 3.1, ¢ is a term idempotent of V. O

The motivating example of a term idempotent is the term x - ! in varieties of groups. An
example of a term idempotent such that the corresponding term operation in a given algebra
does not necessarily have a constant value is the term z - 27! in varieties of inverse semigroups
(see [12, Ch. V]). If a variety V is idempotent, then every term is a term idempotent of V. On
the other hand a variety may have no term idempotents, e.g. no term is a term idempotent of Sg.
Note that a variety is idempotent iff x is its term idempotent.

If a variety V has term idempotents, then for any algebra A and any V—congruence 6 of A,

one can characterize the congruence classes of 6 which are subalgebras of A as follows.

Proposition 3.3. Let V be a variety, t(x) be a term idempotent of V, A be an algebra, and 0
be a V—congruence of A. A congruence class of 0 is a subalgebra of A iff it contains t(a) for

some a € A®.

Proof. Let A be an algebra. If a/0 is a subalgebra of A, then it contains the value t(a, ..., a).

Now assume that a /6 contains a value ¢(by, ..., b,). Then
a/0 =t(by,...,b,)/0 =1(b1/0,...,b,/0).

Thus, by Proposition 3.2, a/6 is an idempotent of A/6. Hence, by Lemma 2.13, a/6 is a subal-

gebra of A. O

Corollary 3.4. If'V is an idempotent variety, then for any algebra A, all congruence classes of

any V—congruence of A are subalgebras of A.

Proof. If V is an idempotent variety, then the term x is a term idempotent of V. The corre-

sponding term operation is the identity function which has every element of A as its value. [
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Corollary 3.5. Let V be a variety that has term idempotents, A € V, and 0 be a congruence

of A. Then a congruence class of 0 is a subalgebra of A iff it contains an idempotent.

Proof. Let t be any term idempotent of V. Since 6 is a V—congruence and each value of t4(x)

is an idempotent, the conclusion follows from Proposition 3.3. [

The existence of term idempotents in a variety V), the existence of congruence classes of V-
congruences which are subalgebras, and the existence of idempotents in VV—algebras are closely

related. A part of the following result appears in a different form in [6, Thm. 9].

Proposition 3.6. Let V be a variety. The following conditions are equivalent.
(1) V has term idempotents.
(i) Every V—algebra has idempotents.
(iii) For any algebra A, every V—congruence of A has a congruence class which is a subal-

gebra of A.

Proof. Assume (iii). Then for any A € V, the minimum congruence A 4 has a congruence class
{a} which is a subalgebra. By definition, a is an idempotent of A, so (ii) holds. Assume (ii).
Then F),(w) has an idempotent [ |. By Proposition 3.1, ¢ is a term idempotent of V. Hence (i)

holds. By Proposition 3.3, (i) implies (iii). O
Let TI(V) C T'(w) denote the set of term idempotents of a variety V.

Proposition 3.7. Let V be a variety of a type ). The set TI(V) has the following properties.
(1) IfueTI(V)and V = u = v, then v € TI(V).
Q) If t(zy,...,2,) € TI(V), then t(py,...,pn) € TI(V) for any terms p, . . ., py.
() If ty,...,t, € TI(V) are pairwise V—equivalent, then p(t, ... ,t,) € TI(V) for any term
p(x1,...,x,). Furthermore, V = p(ty, ... t,) = t1.
(4) If Q contains a symbol of arity at least two and TI(V) contains a term of some positive
arity, then TI(V) contains terms of every positive arity.

(5) If TI(V) is nonempty, then it contains a nullary term or a unary term.
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Proof. (1): If V |= u = v, then [u] = [v] in F},(w), so by Proposition 3.1, either both v and v
are term idempotents of ), or none of them is.

(2): Forevery f € O,V = f(t,...,t) = t. Thus for every f € (), also

VEftp. - pn)s o, 00) = D1, -, Dn)-

Hence ¢(p1, . .., p,) is a term idempotent of V.

(3): The term p(ty, . ..,t,) is V—equivalent to p(t1, ..., ), which is V—equivalent to ¢;, so
by (1), p(ti, ..., t,) is a term idempotent of V.

(4):Letn > 1. Lett(xy,. .., x) be a term idempotent of a positive arity. In the type € there
exist terms of any positive arity, so let p be an n—ary term. By (2), the n—ary term ¢(p, ..., p) is
a term idempotent of V.

(5): Follows from (4). O
If V C W, then TI(W) C TI(V). More generally, one has the following relationships.

Proposition 3.8. Let V;, © € I, be varieties. Then
(1) TI(\/iEI Vi) - ﬂie[ TI(Vi),
(2) Uie] TI<Vi) - TI(/\ieI Vi)‘

Proof. Since Id(\/,.; Vi) = (;c; 1d(V;), identities f(u,...,u) = u, f € Q, are true in \/,_; V;

iff for every ¢ € I, they are true in V;. Therefore (1) follows. Forany j € I, A\._; Vi C V;, so

i€l
TI(V;) € TI(\,c; Vi). Therefore (2) follows. O

The following counterexample shows that the inclusion of Proposition 3.8(2) cannot be re-

placed by equality.

Counterexample 3.9. Let Q = {- %} be a type with two binary basic operation symbols. Let
VY and W be varieties of the type €2 defined by the identities x - * = x and x x x = x respec-
tively. Then V and W have no term idempotents, so TI(V) U TI(W) = &, whereas V A W is

idempotent, so TI(V AW) = T'(w).
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A constant term idempotent p(z) of arity at most one is called a polar term. A variety ) that
has a polar term is called polarized. For an algebra A € V, the constant value of p(x) is the
unique idempotent of A, which is called the pole of A. These notions are due to Maltsev [15].
E.g. every variety of groups is polarized with a polar term x - 2! and the pole of a given group
is its identity element. The following proposition summarizes the results proven by Maltsev at

the beginning of Section 3 of [15].

Proposition 3.10. Let V be a variety. The following conditions are equivalent.
(1) V is polarized.
(i) Every V—algebra has a unique idempotent.
(i) For any algebra A, every V—congruence of A has a unique congruence class which is a

subalgebra of A.

Ift(zq,...,x,) is a constant term idempotent of a variety V), then ¢(z, . . ., x) is a polar term
of V. Hence a variety is polarized iff it has a constant term idempotent. We will show that the
existence of a term idempotent and the existence of a constant term together imply the existence

of a constant term idempotent.

Proposition 3.11. Let V be a variety. If u is a term idempotent of V and v is a constant term

of V, then u and v are V—equivalent constant term idempotents of V.

Proof. The variety V satisfies the identity v(z1, ..., z,) = v(y1, ..., y,). Consequently V satis-
fies the identity v(z1,...,z,) = v(u,...,u). Since u is a term idempotent of V, the right-hand
side of this identity is V—equivalent to u. Hence V satisfies the identity v(zy, ..., 2,) = u. Thus
uw and v are V—equivalent, so by Proposition 3.7(1) and Lemma 2.3, they are both constant term

idempotents of V. ]

Corollary 3.12. [19] All term idempotents of a polarized variety V are pairwise V—equivalent

and constant.
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4 Equational base

By Theorem 1.1, the Maltsev product V o W of varieties V and )V is a prevariety, so the variety
generated by V o W coincides with the class H(V o W) of all homomorphic images of algebras
in V o YW. We will construct an equational base for the variety H() o ). For a variety VV and
a set ¥ of equations, let us define a set ©"” of equations in the following way (see [18]). If W

has no term idempotents, then X" = &. Otherwise

SWo=A{u(ty,. .. ty) = vty ... t) | (u(zy, ..., x,) =v(z1,...,2,)) €,

t1,...,t, are pairwise YW—equivalent term idempotents of WW}.

We will show that if a variety V is defined by a set > of identities, then the variety H() o W) is

defined by ¥V,

Lemmad4.1. [18, Lem. 2.2] Let V and VY be varieties and 3. be a set of identities. If the identities

inY are true in V), then the identities in "V are true in H(Y o W).

Proof. Let A€ VoW, u(yi,...,yn) = v(y1,...,yn) be anidentity true in V, t1(x), . .., t,(x)

be pairwise YW—equivalent term idempotents of W, and a € A*. Forany 1 <i < n,

ti(a)/oy =ti(ar/oy, ... ar/0}) =ti(ar/0y, ... ar/0}) = t1(a)/ 0¥,

so elements #;(a), 1 < i < n, all lie in the congruence class t1(a) /0. Since t, is a term idem-

potent of W, for any f € (2,

fti(a)/oy.....ti(a)/dV) = f(ti(a),... . t1(a)) /o) =ti(a)/oY .

Thus ¢,(a)/0" is an idempotent of A/0"’. By Lemma 2.13, t,(a)/0" is a subalgebra of A.

Since A € VoW, ti(a)/0" belongs to V, so it satisfies the identity u = v. Consequently,

u(ti(a),... ty(a)) =v(ti(a),..., t,(a)).

Therefore A satisfies the identity u(ty,...,t,) = v(ty,...,t,).

35



Let X be a set of identities true in V and let U/ be the variety defined by X"Y. We have shown
that V o W C U. It follows that H() o W) C U, and so every algebra in H() o W) satisfies the

identities in 2"V. O

Theorem 4.2. [18, Thm. 2.10] Let V and W be varieties. If Y. is an equational base for V, then

YW is an equational base for H(V o W).

Proof. Let Y be an equational base for }V and U be the variety defined by ¥"V. By Lemma 4.1,
H(V o W) C U. To prove the opposite inclusion, we will show that all free Z/—algebras belong

to Vo W. Let X be a set and 7" be the term algebra 7'(X). Since
WCVoWCHYVoW)CU,

one has the inclusion o% C o)¥. By Corollary 2.22, the congruence o}Y /0¥ is the W-replica
congruence of the free U—algebra Fy,(X) = T(X)/o4. Let C be a congruence class of 0 / o4
which is a subalgebra of Fy(X), u(zy,...,z,) = v(xy,...,z,) be some identity from 3, and
t1/o4, ... ty/o¥ € C. Then |JC is a congruence class of ¥ which, by Lemma 2.10, is a
subalgebra of A. Thus, by Lemma 2.13, | JC' is an idempotent of F)y(X). Consequently, by
Proposition 3.1, ¢y, ...,t, € |JC are pairwise WW—equivalent term idempotents of WW. Hence
the identity u(ty,...,t,) = v(t1,...,t,) belongs to X", and so it is true in U. By (2.1), terms

u(ty, ..., t,) and v(ty,...,t,) lie in the same congruence class of o¥. Therefore

u(tl/gg,...,tn/g%) = u(tl,...,tn)/gg = U(tl,...,tn)/g¥ = v(tl/g%’,...,tn/gg).

Thus C satisfies the identities in X, which implies that C' € V. Hence F},(X) € Vo W. By

Corollary 2.20, U € H(V o W). We have shown that varieties H() o W) and U coincide. [

Corollary 4.3. [18, Cor. 2.11] If a variety VW has no term idempotents, then H(YV o W) = A

for any variety V.

Corollary 4.4. If a variety V satisfies an identity u = v such that both v and v are nullary terms,

then for any variety W that has term idempotents, H(V o W) also satisfies u = v.
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Example 4.5. The variety S of ()-semilattices is idempotent, so every term is a term idem-
potent of S. Terms ¢ and s are equivalent in S iff var(¢) = var(s). Thus for a variety VV defined

by a set 3 of identities, the variety H(V o S) is defined by the identities

Y = {u(ty,...,ty) =v(t, ..., t,) |

(w(xy, ..., zp) =0(z1,...,2,)) €8, V1 <i,j<n var(t,) = var(t;)}.
E.g. Lz is defined by ¥ = {z -y = z}, so H(Lz o §) is defined by

2% ={p-q=p]| var(p) = var(q)}.

Example 4.6. Let )V be a polarized variety with a polar term p(z). By Corollary 3.12, all term
idempotents of W are WV—equivalent, so a term is a term idempotent of WV iff it is VW—equivalent
to p(z). Thus for a variety V defined by a set ¥ of identities, the variety H() o W) is defined

by the identities

YW= {ulty, ... t,) = v(ts,... 1) |

(w(zy, ... xn) =v(T1,...,2,)) €8, VI<i<n Wkt =px)}

For varieties V, W C U, the Maltsev U—product V o, W coincides with the intersection
(V o W) N U. For any prevarieties P and P’, there is an inclusion H(P N"P’) C H(P) NH(P").

Hence H(V o,y W) CH(V o W) N U.
Proposition 4.7. Let V., W C U be varieties. Then
HVoyu W)=HVoW)NU.

Proof. Let M be the variety H()V o W) and T be the term algebra T'(X). Then F' = T'/ o' is
a free algebra of M N U. We will show that F' € V o W. By Lemma 2.15, o5" = g1 v/ o4,
Let F/ =T /o' and let 6 = (03" V 0%)/0}!. By Theorem 2.8, F' = F’/. By Theorem 2.18,
F’' € V oW, because I’ is a free algebraof H(V o W). By Lemma2.16, o}% = (o' V oY)/ o7
Since W C U, 0% C 0¥, 500 C o)¥. By Lemma 2.26, F'/0 € V o W.

We have shown that all free algebras of H(V o W) N U belongto V oy, W = (Vo W) N U.

Thus, by Corollary 2.20, HV o W) NU C H(V oy W). O

37



Theorem 4.2 and Proposition 4.7 yield the following result.

Theorem 4.8. Let V., W C U be varieties. If 3. is an equational base for V, then the variety

H(V oy W) is defined relative to U by X",

Iskander [13, Thm. 4.11] provided a set of identities that defines the variety )V o;, W relative
to U for a weakly congruence permutable variety {/. That set of identities also depends on a
chosen equational base ¥ for V. It forms a subset of "V, because the term f that occurs in its
definition is a term idempotent of I/, and thus also a term idempotent of WV .

Let us apply Lemma 4.1 to obtain a result on term idempotents of the variety H() o W).

Proposition 4.9. Let V and W be varieties. If t(z1,...,x,) is a term idempotent of V and

D1, - - -, Pn are W—equivalent term idempotents of W, then t(p1, ..., p,) is a term idempotent

of HY o W).

Proof. Identities f(t,...,t) =t, f € €, are true in V, so by Lemma 4.1, H(V o W) satisfies

identities f(t(p1,...,Pn)s-- - t(P1,- -y pn)) =t(p1, ... 0n), f € QL O

Corollary 4.10. [f varieties V and YV have term idempotents, then the variety H(V o W) has

term idempotents.

Corollary 4.11. If VW is an idempotent variety, then for any variety V, all unary term idempotents

of V are also term idempotents of H(V o W).

Proof. Let t(x) be a term idempotent of V. The variable z is a term idempotent of W. The
term t(x) is the composition of #(x) and z, so by Proposition 4.9, it is a term idempotent of

HV o W). 0

Since W C H(V o W), every term idempotent of H() o W) is also a term idempotent of W.
The following corollary gives a sufficient condition for these two varieties to have the same term

idempotents.

Corollary 4.12. If'V is an idempotent variety and YV is a variety, then the varieties H() o W)

and W have the same term idempotents.
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Proof. Lett be a term idempotent of VV. The substitution of ¢ for the variable x in the term x
simply yields ¢. Since x is a term idempotent of V), by Proposition 4.9, ¢ is a term idempotent of

HV o W). 0

Let us examine how the Maltsev product of varieties interacts with regularity, irregularity,

and strong irregularity of its factors.

Proposition 4.13. Let V and VWV be varieties, and let VWV have unary term idempotents. Then the

variety H(V o W) is regular iff at least one of V and W is regular.

Proof. Let u(xy,...,x,) = v(z1,...,2,) be an identity true in ). Suppose that V is regular.

Then v = wv is regular and thus its consequence u(ty,...,t,) = v(ty,...,t,), for any terms
t1,...,tn, is regular. Now suppose that W is regular. Let ¢4, ..., %, be pairwise VW—equivalent
terms. Then all terms ¢4, ..., ¢, have the same variables, and so the identity u(t,...,t,) =
v(ty,...,t,) is regular. Therefore, if at least one of )V and W is regular, then the identities in

the equational base of H() o W) provided by Theorem 4.2 are regular. Since all consequences
of regular identities are regular, all identities true in H() o W) are regular. Hence it is a regular
variety.

An irregular variety always satisfies an irregular identity of the form ¢(z, y) = u(z), where
the left-hand side contains the variable y. Suppose that VV and W are irregular. Then there are
irregular identities ¢(x, y) = u(x) and s(z,y) = v(x) true in V and W respectively. Let h(x) be
a unary term idempotent of W. The variety WV satisfies the identity h(s(z,y)) = h(v(z)) and
by Proposition 3.7(2), the terms h(s(x,y)) and h(v(z)) are term idempotents of W. Thus by

Lemma 4.1, H(V o W) satisfies the identity

H(h(o(@)), hs(z,))) = u(h(v()). (4.1)

Since terms ¢(x,y) and s(x,y) contain the variable y, the left-hand side of (4.1) also contains

the variable y. Hence (4.1) is irregular, and so H(V o W) is an irregular variety. [

Corollary 4.14. Let V and VV be varieties, and let VV have unary term idempotents. Then the

variety H(V o W) is irregular iff both V and VWV are irregular.
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Proposition 4.15. Let V and VV be strongly irregular varieties, and let VV be idempotent. Then

the variety H(V o W) is strongly irregular.

Proof. Suppose that varieties V and W are strongly irregular and }V is idempotent. Then there
are strongly irregular identities ¢(x, y) = x and s(z,y) = « true in VV and WV respectively. Both

s(x,y) and x are term idempotents of W, so by Lemma 4.1, H(V o W) satisfies the identity

t(zx,s(x,y)) = x. (4.2)

Since terms t(x, y) and s(x, y) are binary, the left-hand side of (4.2) is also binary. Hence (4.2)

is strongly irregular, and so H() o W) is a strongly irregular variety. [

In [7], aclass F of varieties of the same type is called robust if whenever idempotent varieties
V and W belong to F, then H(V o W) belongs to F. The results above imply in particular that
the following families are robust.
(1) The class of idempotent regular varieties of a given type that has symbols of non-nullary
basic operations.
(2) The class of idempotent strongly irregular varieties of a given type.
An idempotent variety of a type that has a non-nullary basic operation symbol f(z1,...,z,),
has a unary term idempotent f(z, ..., x), so Proposition 4.13 is applicable. If a type (2 has a
symbol of a basic operation of arity at least two, then for an idempotent variety of the type (2,
irregularity implies strong irregularity. Hence the class of idempotent irregular varieties of the

type €2 coincides with (2).
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5 Term idempotent identities

If v and v are term idempotents of a variety V and an identity u = v is true in V), then we will
call w = v a term idempotent identity of V (see [19]). By Proposition 3.7(1), if one side of an
identity o true in V is a term idempotent of V), then the other side of o must also be a term
idempotent of V, and so o is a term idempotent identity of V. To motivate this definition let us
note that the identities in the equational base for H() o W) provided by Theorem 4.2 are term

idempotent identities of W.

Proposition 5.1. Let W be a variety and X be a set of equations. Every identity in X"V is a term

idempotent identity of V.

Proof. Every identity in X"V is of the form
u(ty, ... tn) =v(ts, ..., tn), (5.1)

where 1, ..., t, are W—equivalent term idempotents of W and u(xy,...,x,) = v(xy,...,2,)
is an identity in .. By Proposition 3.7(3), both sides of (5.1) are term idempotents of )V that

are VV—equivalent to ¢;. Hence (5.1) is a term idempotent identity of W. O

If the identities in X are term idempotent identities of V), then the identities in $"V are addi-

tionally term idempotent identities of H() o W).

Proposition 5.2. Let V and VV be varieties and Y. be a set of equations. If every identity in .
is a term idempotent identity of V, then every identity in "V is a term idempotent identity of

H(VoW).

Proof. Consider the identity

U,(tl,...,tn):U(tl,...,tn), (52)
where t1, . .., t, are W—equivalent term idempotents of W and u(x1,...,x,) = v(xy,...,2,)
is an identity in . Then w is a term idempotent of V. By Proposition 4.9, u(ty, ..., t,) is a term
idempotent of H(V o W), so (5.2) is a term idempotent identity of H(V o W). H
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Let V be a variety and X be a set of term idempotent identities of ). Let us investigate
whether the nontrivial consequences of 3 are also term idempotent identities of V. It is evident
that all nontrivial consequences of X inferred by an application of any of the rules (el1)—(e3) of
equational logic are term idempotent identities of V. By Proposition 3.7(2), the same is true
in case of the rule (e4). However a nontrivial consequence of X inferred by an application
of the rule (e5) may not be a term idempotent identity of V. E.g. in the variety of groups,
the term idempotent identity x - 2! = y - y~! has the consequence (z - 27%) -z = (y -y~ ) - 2,
which is not a term idempotent identity. We will characterize varieties in which all nontrivial
consequences of any set of term idempotent identities are also term idempotent identities.

A sink is a subset S of an algebra A such that
flag,...;a;i_1,8,ai41,...,a,) €S
foreverys € S, f € Q,aq,...,a, € A,and 1 < i < n. Note that S is a subalgebra of A.
Proposition 5.3. Let V be a variety that has term idempotents. The following conditions are
equivalent.
(1) Every nontrivial consequence of any set of term idempotent identities of V is a term idem-
potent identity of V.

(ii) The set TI(V) of term idempotents of V is a sink of T'(w).

(iii) For every V—algebra A, the set 1(A) of idempotents of A is a sink of A.
Proof. First we will prove the equivalence of conditions (i) and (ii). Assume (i). Let ¢t € TI(V),

feQp,....,pn € T(w),and 1 < i < n. The identity f(¢,...,t) = t is a nontrivial term

idempotent identity of V. It has the nontrivial consequence

f(plv «e oy Pi—1, f(t7 s 7t)7pi+17 s 7pn) = f(pb -y Pi—1, t7pi+1a s 7pn>‘ (53)

By (1), (5.3) is a term idempotent identity of V), so its right-hand side is a term idempotent of V.
Thus TI(V) is a sink of T'(w).

Now assume (ii). Let u = v be a term idempotent identity of ) and consider its consequence

t<I17 vy Li 1, Uy T 1,y - - - 7xn) = t(l‘l, ey L1, U, g1y - - 7xn) (54)
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inferred using the rule (e5). Since v and v are term idempotents of V), by (ii), both sides of
(5.4) are also term idempotents of V. Hence (5.4) is a term idempotent identity of V. Taking
into account the discussion preceding the statement of this proposition, it follows that every
nontrivial consequence of a set of term idempotent identities of V is a term idempotent identity
of V.

We will now prove the equivalence of (ii) and (iii). Assume (ii). Let A € V, e € [(A),

fe a,...,a, € Ajand 1 <i <n. Lett(x) € TI(V). By (ii),
floy, .o i, t(x), i,y ..o ) € TI(V).
Since t(e) = e,
flay,...;a;1,t(€), aiv1, .- an) = flar,...,ai—1,€ Qi1, .., aQ),

so by Proposition 3.2,
flay,...;a;i_1,€e,ai11,...,a,) € I(A).
Hence I(A) is a sink of A.
Now assume (iii). Lett € TI(V), f € Q, p1,...,pn € T(w),and 1 < i < n. Let F be the
free V-algebra F),(w). By Proposition 3.1, [t] € I(F'). By (iii), I(#) is a sink of F', so

Lf(Prs - pict, 6 Digrs - 00)] = f(oals -5 Dl (2] [Piga], - - - (o)) € T(F).

Thus, by Proposition 3.1,

f(pla CI api—lvtapi-i-la ce 7pn) € TI(V)
Hence TI(V) is a sink of T'(w). O

An element z of an algebra A is called a zero of A if it forms a one-element sink {z}. If a
zero exists in an algebra, then it is unique. A constant term p(z) of a variety V will be called a
zero term of V if for every algebra A € V, the unique value of p”(z) is the zero of A (see [19]).

Equivalently, a term p(z) is a zero term of a variety V if it is constant and

V}:f(ylv7yz—17p(x)7yz+177yn):p(‘r)7 VfGQV].SZSTL (55)
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Note that a zero term is a polar term. Thus a variety V that has a zero term is necessarily polarized

and the pole of every algebra A € V is the zero of A.

Proposition 5.4. [19, Prop. 6.4] Let V be a polarized variety. The following conditions are
equivalent.
(1) Every nontrivial consequence of any set of term idempotent identities of V is a term idem-
potent identity of V.
(i1) The pole of any V—algebra A is a zero of A.
(i) Polar terms of 'V are zero terms of V.

(iv) V has a zero term.

Proof. Every V—algebra has a unique idempotent — its pole. Hence, by Proposition 5.3, the
conditions (i) and (ii) are equivalent. The conditions (ii) and (ii1) are equivalent by the definition
of a zero term. Clearly, (iii) implies (iv). Assume (iv). Let p(z) be a zero term of V. By Corol-
lary 3.12, every polar term of )V is V—equivalent to p(x). It follows that every polar term of V

satisfies the identities (5.5). Thus (ii1) holds. Il
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6 Term idempotent varieties

We will say that a variety V is term idempotent if every nontrivial identity true in V is a term
idempotent identity of V (see [19]). In the previous chapter we saw that a set of term idempotent
identities may have consequences that are not term idempotent identities. Hence for a variety to
be term idempotent, it is not sufficient that it has an equational base which consists of term idem-
potent identities. As a corollary of Proposition 5.3, one obtains the following characterization

of term idempotent varieties.

Proposition 6.1. A4 variety V is term idempotent iff it has an equational base that consists of
term idempotent identities and either of the following equivalent conditions is satisfied.
(i) The set TI(V) of term idempotents of V is a sink of T (w).

(if) For every V—algebra A, the set 1(A) of idempotents of A is a sink of A.

If V is an idempotent variety, then every term is a term idempotent of V. It follows that all
identities true in ) are term idempotent identities of V. Hence every idempotent variety is a
term idempotent variety. Let us look at some examples of term idempotent varieties that are not

idempotent.

Example 6.2. The variety A satisfies only trivial identities, so it is a term idempotent variety.

It is the only term idempotent variety that has no term idempotents.

Example 6.3. [19, Ex. 3.5] Recall that Sg is the variety of semigroups and Rb is the variety of

rectangular bands. Let Rs be the subvariety of S¢ defined relative to Sg by the identity
(x-y)-z=x"z (6.1)

Note that Rb is the subvariety of Rs defined relative to Rs by the idempotent law z - = = .
In Sg, every term is a product of variables (we will omit the parentheses). If n > 2 and ¢ is the
term - ... x,, then Rs =t = 27 - x, and

RskEt-t=x1- 2y 21 2, =212, =t.
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Consequently, the set of term idempotents of Rs consists of all terms distinct from variables. It
is clearly a sink of 7'(w). The identities that define S¢g and the identity (6.1) form an equational
base for Rs which consists of term idempotent identities. Thus, by Proposition 6.1, Rs is a term

idempotent variety.

Example 6.4. [19, Ex. 3.4] We will say that an algebra is constant if one of its elements is the
constant value of every basic operation. The variety C, of all constant algebras of a type €2 is

defined by the identities

fxr, ..o zn) = 9(y1, - Um), Vf, g€l

We will usually omit the subscript and write simply C. The variety C satisfies a nontrivial identity
u = v iff neither u nor v is a variable. Thus, if ¢ is a term distinct from a variable, then C satisfies
the identities f(¢,...,t) = t, forall f € €2, sotisatermidempotent of C. Hence every nontrivial
identity true in C is a term idempotent identity. It follows that C is a term idempotent variety.
Note that every term that is not a variable is constant in C.

Of special interest is the variety Cy.; for the magma type {-}. It is defined by the identity
x -y = z - t. In particular, algebras in C{.y are semigroups. We will denote the variety Cy.; of

constant semigroups by Cs.

Example 6.5. Let Q2 be a type. For any natural number n, let 7}, be the set of all terms of the
type (2 that are distinct from variables and that contain at least n occurrences of variables. Let C,,
be the variety of the type 2 defined by the set of identities ,, = {u = v | u,v € T,,}. The rules
(e2)—(e5) applied to X2, cannot produce an identity that has less than n occurrences of variables
on cither side, so X,, contains all nontrivial identities true in C,. If u € T},, then the identities
flu,...,u) =u, f €, belong to ¥,,. Therefore every identity in ¥, is a term idempotent
identity of C,,. Hence C,, is a term idempotent variety. Note that Cy coincides with C.

In case when (2 is the magma type { - }, there are no terms distinct from variables that contain
less than two occurrences of a variable, so the varieties Cy, C;, and Cy coincide with Cs. The

associative law belongs to 7;, iff n < 3. Hence Cj is also a variety of semigroups.
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Example 6.6. [19, Ex. 3.6] Let Q2 = { f} be a type with a single unary basic operation symbol.

For a natural number n, let U, be the variety of the type €2 defined by the identity

fU @) = (). (6.2)

The set of term idempotents of U, consists of all terms " (x), m > n. Itis a sink of T'(w). The

defining identity (6.2) is a term idempotent identity. Hence U, is a term idempotent variety.

The varieties in Examples 6.3, 6.4, and 6.5 are irregular, but not strongly irregular. We will

show that there are no term idempotent varieties that are strongly irregular and not idempotent.

Proposition 6.7. [19, Prop. 3.8] If a term idempotent variety is strongly irregular, then it is

idempotent.

Proof. A strongly irregular term idempotent variety )V satisfies a strongly irregular identity
t(x,y) = z. This identity is nontrivial, so it is a term idempotent identity, and thus its right-hand

side x is a term idempotent of . Therefore V is idempotent. O

The inclusion of Proposition 3.8(2) can be replaced by equality in case when V;, ¢ € I, are

term idempotent varieties.
Proposition 6.8. If'V;, i € I, are term idempotent varieties, then TI(\,;.; Vi) = U,c; TI(V:).

Proof. By Proposition 3.8(2), J.., TI(V;) C TI(A.., V;). We will show that the opposite inclu-
y P i€l i€l PP

sion also holds. Let W = A._; V;. By Theorem 6.10, W is term idempotent. Let u € TI(W).

iel
For any f € €, the variety WV satisfies the nontrivial identity u = f(u,...,u). Therefore, by
Corollary 2.24, there exists j € I and a term v distinct from u, such that V; = u = v. Since V),
is term idempotent, v = v is a term idempotent identity of V;. Hence
ue TI(V;) € [ JTIV). O
el
We will now investigate the properties of the class of term idempotent varieties of a given

type. The following counterexample shows that this class is not in general closed under subva-

rieties.
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Counterexample 6.9. Let ) be a variety of the type 2 = { f, g, h} with three unary basic oper-

ation symbols, defined by the identities

f(f(@) = fx), g(f(x)) = fz), h(f(z)) = f(z). (6.3)

The non-variable terms of the type (2 are of the form p,,(- - - p2(p1(x)) - - - ), where each p; is f,
g, or h. It is easy to see that if o is a nontrivial consequence of the identities (6.3), then both
sides of o contain at least one occurrence of f. Since f(x) is a term idempotent of V, by Prop-
osition 3.7(2,3), every term containing at least one occurrence of f is a term idempotent of V.
Hence V is a term idempotent variety. Now let )V be the subvariety of V' defined relative to V
by the identity

g(x) = h(x). (6.4)

It is easy to see that no nontrivial consequence of (6.4) (other than h(z) = g(z)) has g(z) as one
of its sides. Thus the identity f(g(z)) = g(x) is not true in W, so g(x) is not a term idempotent
of W. Hence (6.4) is not a term idempotent identity of VV, which implies that V' is not term

idempotent.

Theorem 6.10. The class of term idempotent varieties of a type §) forms a complete sublattice

of the lattice of varieties of the type ().

Proof. The trivial variety and the variety of all algebras, i.e. the smallest and the largest variety
respectively, are both term idempotent. Let V;, ¢ € I, be term idempotent varieties. Let u = v

be a nontrivial identity true in the join & = \/,_; V;. Then v = v is true in every V;, i € I, so it

iel
is a term idempotent identity in every V;, ¢ € I. Hence the identities f(u,...,u) =u, f € Q,
are true in each V;, ¢ € I, and thus they are also true in U/. Therefore u = v is a term idempotent
identity of /. Consequently I/ is a term idempotent variety.

Let u = v be a nontrivial identity true in the meet W = /\iE ; Vi. Then, by Corollary 2.24,

there exist j € I and a term ¢ distinct from v such that V; |= u = t. Since V; is term idempotent,

u =t is a term idempotent identity of V;. Hence u is a term idempotent of V;, and thus also
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of W. It follows that © = v is a term idempotent identity of W, so W is a term idempotent

variety. ]

By Theorem 6.10, for any variety V, there exist the smallest term idempotent variety that
contains V' and the largest term idempotent subvariety of V. We will denote these term idem-
potent varieties by V2 and V" respectively. The assignments V — V% and V — V7 define

respectively a closure operator and a kernel operator on the lattice of all varieties of a given

type.

Proposition 6.11. For a variety V, the variety V* is defined by the identities

{u=v|VEu=v Vt(y,z) € T(w) t(u,x) € TI(V)}. (6.5)

Proof. Let

U={ueTl(V)|Vt(y,x) € T(w) t(u,x) € TI(V)}.

It is the largest subset of TI()) which is a sink. Let X be the set (6.5). It consists of all term
idempotent identities of 1 whose both sides belong to U. By Proposition 6.1, a variety defined
by term idempotent identities is term idempotent iff its term idempotents form a sink. Hence
the variety U/ defined by X is a term idempotent variety that contains V. Furthermore, for every
other term idempotent variety ¢/’ that contains V, the set TI(U/’) is a sink, so TI(¢4’) C U. Thus

Id(U’) C X. Consequently, U C U'. O

Example 6.12. Let ) be a variety that has no term idempotents. Then the set (6.5) is empty, so

V% coincides with the variety A of all algebras. E.g. S¢g* = A.

Example 6.13. If TI()V) is a sink of 7'(w), then V* is defined by all term idempotent identities

true in V. E.g. if V and W are the varieties defined in Counterexample 6.9, then W* = V).

For a variety V, let S(V) denote the set of sides of all nontrivial identities true in V. E.g.
(x-y)-z=ux-(y-z) is anontrivial identity true in the variety Sg of semigroups, so both terms

(x-y)-zand z- (y - z) belong to S(Sg).
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Proposition 6.14. For a variety V, the subvariety V" is defined relative to V by the identities

{f(u,....;u)=u|ueSV), fe} (6.6)

Proof. If u € S(V) is a left-hand side of a nontrivial identity o true in V, then the terms

fo1, - Pic1, Uy Disty -5 Pn)y fEQ 1y pn €T (W), 1 <i<n, (6.7)

are the left-hand sides of the consequences of ¢ inferred by the rule (e5) of equational logic.
Hence the terms (6.7) belong to S(V), which implies that S(V) is a sink of 7T'(w).

Let X be the union of Id()) and the set (6.6), and let WV be the variety defined by 3. Since
TI(W) coincides with S(V), it is a sink of 7'(w). The identities of ¥ are term idempotent identi-
ties of W, so by Proposition 6.1, VV is term idempotent. Each term idempotent subvariety of VV

satisfies the identities of X, so it is a subvariety of W. [

The set of identities provided by Proposition 6.14 is infinite. However sometimes it is pos-

sible to find a finite set of identities that defines V'V relative to V.

Example 6.15. We will show that S¢" is defined relative to Sg by the identity

(z-y)-2)-((x-y)-2)=(z-y) 2 (6.8)

Let V be the subvariety of Sg defined relative to Sg by the identity (6.8). Then the terms
(x-y)-zand x - (y - z) are term idempotents of V. Both sides of any nontrivial identity true in
V contain at least three occurrences of a variable. Hence a term ¢ that is a side of a nontrivial
identity true in V) is of the form (p - ¢) - 7 or p - (q - r) for some terms p, ¢, and r. Thus, by
Proposition 3.7(2), ¢ is a term idempotent of . It follows that V' is term idempotent. Since

every term idempotent subvariety of Sg must satisfy the identity (6.8), V coincides with S¢".

Example 6.16. Let Com be the variety of commutative magmas. It is defined by the identity
x -y = y-x. The variety Com" is defined relative to Com by the identity (x-y) - (x-y) = = - y.

The proof is analogous to that of Example 6.15.
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The regularization of a variety V is the variety defined by all regular identities true in V' (see
[21, p. 48]). The following proposition shows that the class of term idempotent varieties of a

given type is closed under regularization.

Proposition 6.17. [19, Prop. 3.7] If'V is a term idempotent variety, then the regularization of V

is a term idempotent variety.

Proof. Let V be the regularization of a term idempotent variety } and let u = v be a nontrivial
identity true in V. Then u = v is also true in V), so u is a term idempotent of V. Thus V satisfies
the identities f(u,...,u) = u, for all f € €. Since these identities are regular, they are also

true in V. Therefore u is a term idempotent of V. Hence V is a term idempotent variety. [

It is known that for idempotent varieties V and W, the variety H(V o W) is also idempotent.
Let us prove this fact using the results of this work. Let ) and VV be idempotent varieties. Then VV
satisfies the identities f(z,...,x) = z, f € 2, and the term z is a term idempotent of WW. Thus,
by Lemma 4.1, H(V o W) satisfies the identities f(z,...,x) = z, f € (, so it is idempotent.

Now let us see when the variety H() o W) is term idempotent.

Proposition 6.18. Let V and W be varieties. If V is idempotent and TI(W) is a sink of T'(w),

then the variety H(V o W) is term idempotent.

Proof. Let X be an equational base for }V and let U be the smallest equational theory that con-
tains X"V, By Theorem 4.2, ¥ is the equational theory of H(} o W). By Proposition 5.1, the
identities in X"V are term idempotent identities of Y. Thus, by Proposition 5.3, all nontriv-
ial identities in W are term idempotent identities of WW. By Corollary 4.12, varieties H() o W)
and W have the same term idempotents, so all nontrivial identities in ¥ are also term idempotent

identities of H(V o W). O

Corollary 6.19. Let V and VV be varieties. If V is idempotent and VV is term idempotent, then

the variety H(V o W) is term idempotent.

One might hope to extend this result to the case when V is term idempotent. However this

is not possible as the following counterexample shows.
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Counterexample 6.20. The term idempotent variety Cs of all constant semigroups is defined
by the identity x - y = z - ¢, which we will denote by o. The set {o }“* is thus an equational base
for H(Cs o Cs). Every identity in {o}* is of the form ¢, - t, = t5 - t, for some terms ¢y, ty, 3,
and ¢4 containing at least two occurrences of variables. Therefore a term of the form ¢ - z never
occurs as a side of an identity in {o}*. Hence it can occur as a side of a nontrivial identity
true in H(Cs o Cs) only as a result of application of the rule (e5), so only in case of an identity
of the form ¢ - © = s - . It follows that none of the identities (¢t - z) - (t - z) =t -z, t € T(w),
is true in H(Cs o Cs). Consequently, none of the terms ¢ - z, t € T'(w), is a term idempotent of

H(Cs o Cs). Thus H(Cs o Cs) is not term idempotent.

As a corollary of Proposition 5.4 one obtains the following characterization of polarized

term idempotent varieties.

Proposition 6.21. 4 variety V is polarized and term idempotent iff it has an equational base
that consists of term idempotent identities and either of the following equivalent conditions is
satisfied.

(1) The pole of any V—algebra A is a zero of A.

(i1) Polar terms of 'V are zero terms of V.

(i) V has a zero term.

Example 6.22. Example 6.5 introduced term idempotent varieties C,,, n > 0. Let u(x) € T,,.
Then u(x) is a term idempotent of C,,. The identity u(x) = u(y) is in X,,, so u(z) is a polar term

of C,. Thus C,, is a polarized variety. This example is a generalization of [19, Ex. 6.2].

Proposition 6.23. The class of polarized term idempotent varieties of a type () together with
the variety A of all algebras of the type ) forms a complete sublattice of the lattice of term

idempotent varieties of the type €.

Proof. Let V;, © € I, be a family of polarized term idempotent varieties. A subvariety of a
polarized variety is also polarized, so the meet /\,_, V; is a polarized term idempotent variety. Let

U be the join \/,_, V;. Since U is a term idempotent variety, if TI(() is empty, then I coincides
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with A. Otherwise there is some p(z) € TI(U). By Proposition 3.8(1), TH(U) = (,c; TL(V).
Thus for any i € I, p(z) € TI(V;), so by Corollary 3.12, p(x) is a polar term of V;. Hence p(x)

is a polar term of U/, which implies that I/ is a polarized term idempotent variety. U

By Theorem 6.10 and Proposition 6.23, for any variety ) distinct from A, there exists the
largest polarized term idempotent subvariety of V. We will denote it by VP!, Observe that

Vpol — (VV)pol.

Proposition 6.24. For a term idempotent variety V distinct from A, the subvariety VP! is defined
by the identities

{u=v|u,veTV)}. (6.9)

Proof. Let X be the set (6.9) and WV be the variety defined by 3. By Corollary 3.12, all term
idempotents of VP! are equivalent in VP°!. Thus VP! satisfies the identities of 33, so VP C W,

Since ¥ contains all nontrivial identities true in V, W is a subvariety of V. Let p(z) be a term
idempotent of V. Then p(z) is a polar term of W, because 3 contains the identity p(z) = p(y).
By Proposition 6.1, TI(V) is a sink of 7'(w). Therefore for any n—ary basic operation f and any
1< <n,

f(y17 s >yi—1>p($)>yi+17 s 7y7’b) S TI(V)7

which implies that

(fQyr, - yim1, 2(®), Yig1, - yn) = p()) € 2.

Hence p(z) is a zero term of V. The equational base X for W consists of term idempotent
identities of V. By Proposition 6.21, WV is term idempotent. We have shown that WV is a

polarized term idempotent subvariety of V, so W C VP!, [
Proposition 6.25. For a variety V distinct from A, the subvariety V™ is defined by the identities
{u=v|uveSV)}

Proof. By Proposition 6.24, VP! = (V7)P! is defined by the identities {u = v | u,v € TI(VY)}.

By Proposition 6.14, TI(VY) = S(V). O
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Example 6.26. In the variety Rs of Example 6.3, every term distinct from a variable is a term
idempotent. Hence TI(Rs) coincides with the set 7, of Example 6.5, and the equational base

{u=v]|u,veTI(Rs)} for Rs"! coincides with the set 35. Consequently RsP' = Cy = Cs.
Example 6.27. Example 6.15 shows that TI(Sg") = T3. Hence SgP*' = (Sg" )P = Cs.

Proposition 6.28. For any term idempotent variety V distinct from A, the subvariety V' coin-

cides with the class of V—algebras that have a unique idempotent.

Proof. Let IC be the class of V—algebras that have a unique idempotent. The pole of any algebra
A € VP! is the unique idempotent of A, so VP! C K. Now let A € K, e be the unique idempo-
tent of A, and u(x) = v(x) be an identity of (6.9). Since u and v are term idempotents of ),
by Proposition 3.2, for any a € A®, one has u(a) = v(a) = e. Hence A satisfies the identity

u = v. It follows that A € V™!, which implies that Z C VPl ]

For an algebra A and a sink S of A, let #s denote the congruence of A whose only non-
singleton congruence class is S. By Proposition 6.1, for a term idempotent variety VV and an

algebra A € V, the set I(A) of idempotents of A is a sink of A.

Proposition 6.29. Let V be a term idempotent variety distinct from A. For any algebra A €V,

the congruence Oy ) of A is the Vrol_yeplica congruence of A.

Proof. Let A € V. By Proposition 6.28, a congruence 6 of A is a VP°congruence iff A/6
has a unique idempotent. Recall that the element a/6 of A/ is an idempotent of A/6 iff the
congruence class a/0 is a subalgebra of A. By Corollary 3.5, the latter is equivalent to a/6
containing an idempotent of A. It follows that a congruence 6 of A is a V*°'—congruence iff one
of its congruence classes contains I(A) as a subset. Since 0;(4) is the smallest such congruence,

it is the VP°!lreplica congruence of A. [
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7 Replica congruences

For a variety V and an algebra A of the same type, we will construct the V—replica congruence

of A. Let us define a binary relation §; on A as
oy = {(u(a),v(a)) |V [ u(x) =v(x), a € A} (7.1)

Observe that 0, is reflexive (because V = = = x) and symmetric.
For a binary relation « on a set X, the transitive closure tr o of « is the smallest transitive

binary relation on X that contains «. It is given by
tra={(a,b) € X*|3In>23cy,....cn€EX a=ciracya - ac, =b}.

We will show that the VV—replica congruence of an algebra A coincides with the transitive closure

of the relation d.

Lemma 7.1. [18, Lem. 3.1] If « is a reflexive, symmetric, and operation—preserving binary

relation on an algebra A, then tr « is a congruence of A.

Proof. Since tr « is an equivalence relation, we only need to show that it preserves operations.
Letay,...,an,by,...,b, € Abe such that (a;,b;) € tra for every 1 < ¢ < n. Then for each
1 <4 < n there are a natural number k; and elements c!, ... ,c};i € A such that one has the
sequence of relations

a=clacha - ozc}%i = b;.
We can assume that all n of these sequences are of equal length k. Otherwise we could use
reflexivity to lengthen the sequences that are shorter by repeating their last element a sufficient

number of times. Since « preserves operations,

flay,...,a,) = fleg,....c) a f(ch,....ch)a - af(c,...,ct) = f(by,...,by).
Hence (f(ai,...,a,), f(b1,...,b,)) € tra, so tr« also preserves operations. ]

Theorem 7.2. [18, Prop. 3.2] LetV be avariety and A be an algebra. The V—-replica congruence

of A coincides with the transitive closure of 5.
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Proof. First we will show that tr 6% is a V—congruence. Let f be an n—ary basic operation and
a1y .-y Qn, b1, .., b, € Abesuch that (a;,b;) € 64 forall 1 <4 < n. Then foreach 1 <i < n,
there are an identity u;(x;) = v;(x;) truein )V and ¢; € A% such that a; = w;(c;) and b; = v;(¢;).

It follows that V also satisfies the identity

flug, ... uy) = f(v1,...,0,). (7.2)

If we substitute elements ¢;, 1 < ¢ < n, for variables x;, 1 < ¢ < n, then the left-hand side
and the right-hand side of (7.2) yield elements f(as,...,a,) and f(by,...,b,) respectively.
These elements are thus related by 8, which implies that J preserves operations. Hence, by
Lemma 7.1, tr §; is a congruence.

Let u(xy,...,z,) = v(xy,...,z,) be an identity true in V and let ay, ..., a, € A. By the
definition of ¢, the elements u(ay, .. .,a,) and v(ay,...,a,) are related by ¢, and thus also
by tr 8. Therefore

u(ay/tréy, ... a,/twdy) =ulay,..., a,)/trdy
=v(ay,...,a,)/tr6 =v(ay/tréy, ... a,/trdy).
Hence A/ tr§ satisfies all identities true in V. It follows that tr § is a V—congruence.

Now we will show that tr §; is the smallest V—congruence. Let § be a V—congruence and let

(a,b) € 0Y. There are an identity u(zy,...,2,) = v(z1,...,2,) truein Vand cy,...,c, € A

such that a = u(cq,...,¢,) and b = v(eq, ..., ¢,). Since A/0 €V,
u(ay,...,a,)/0 =u(a/0,...,a,/0) =v(a1/0,...,a,/0) =v(ay,...,a,)/0.
Thus (a,b) € 6, s0 6% C 6. Hence trdy C trf = 6. O

We can now show that term idempotent varieties ) are characterized by a certain property

of V-replica congruences.

Theorem 7.3. [19, Prop. 3.11] A variety V of a type §2 is term idempotent iff for any algebra A of
the type €, every congruence class of the V—replica congruence of A which is not a subalgebra

is a singleton.
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Proof. Assume that )V is a term idempotent variety. Let A be an algebra, and let a € A be
such that the congruence class a/0Y4 has more than one element. Then there exists b € A dis-
tinct from a and such that (a,b) € 4. By Theorem 7.2, ¢Y is the transitive closure of §Y%, so
there exists an element ¢ € A distinct from a and such that (a,c) € d%. This means that there
is an identity u(xy,...,x,) = v(xy,...,x,) true in V and elements dy,...,d, € A such that
a=u(dy,...,d,)and c = v(dy,...,d,). From the fact that a and c are distinct, it follows that

u = v is a nontrivial identity. Hence « is a term idempotent of ). Since

a/oh =u(dy,...,d,)/04 =u(di/o4, ... dn/0%),

by Proposition 3.2, a/ oY is an idempotent of A/p% € V. Therefore, by Lemma 2.13, a/¢Y is a
subalgebra of A.

Assume that in every algebra A, each congruence class of the V—replica congruence of A
which is not a subalgebra is a singleton. In particular, this is true for the term algebra 7'(w).
Consider the free algebra Fy(w) = T'(w)/ Q}f(w). Let u = v be a nontrivial identity true in V.
Then v and v are distinct terms and they are elements of some congruence class C' of g¥(w). By
the assumption, C' is a subalgebra of T'(w). Thus, by Lemma 2.13, C'is an idempotent of F,(w),
and so its elements are term idempotents of V. Hence u = v is a term idempotent identity. It

follows that V is a term idempotent variety. [

Let V and W be varieties. If W is idempotent, then for any algebra A € V o W, all congru-
ence classes of the WW-replica congruence ¢!} are subalgebras of A, which implies that they are
V-algebras. If W is not idempotent, then there may exist congruence classes of ¢ which are
not subalgebras of A. However, if W is a term idempotent variety, then by Theorem 7.3, all
such congruence classes of ¢} are singletons. We will see that this property ensures that term
idempotent varieties behave well as the second factor of the Maltsev product.

In a polarized variety V of a type €2, every algebra has a unique idempotent. Hence for any
algebra A of the type (2, there is a unique congruence class of p% which is a subalgebra of A.

Therefore one has the following corollary.
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Corollary 7.4. A polarized variety V of a type S0 is term idempotent iff for any algebra A of the
type ), there is a unique congruence class of the V—replica congruence o4, which is a subalgebra

of A, and all the other congruence classes of ¢, are singletons.

An algebra A is called congruence regular if for any congruences 6 and ) of A, whenever
a/0 = a/vy for some a € A, the congruences 6 and 1) coincide (see [8, Sec. 81]). Equivalently,
an algebra A is congruence regular if for any congruence 6 of A, whenever a/0 = {a} for some
a € A, the congruence 6 coincides with the minimum congruence A 4 of A. E.g. all groups are
congruence regular. For a variety V, let V¢ denote the largest idempotent subvariety of V. It is

defined relative to V by the identities f(z,...,x) =z, f € Q.

Corollary 7.5. Let V be a term idempotent variety. If A is a congruence regular algebra that

does not belong to V, then the V-replica A/ o4 of A belongs to V',

Proof. Assume that o4 has a singleton congruence class. Then o = A 4. Consequently A € V),
which is a contradiction. Therefore none of the congruence classes of ¢ are singletons. Hence,
by Theorem 7.3, all congruence classes of ¢ are subalgebras of A. By Lemma 2.13, it follows

that A/ oY is an idempotent algebra, so it lies in V¢, O
Recall that 7 denotes the trivial variety of a given type.
Corollary 7.6. If'V is a term idempotent variety, then T oV = V.

Proof. Let A € T o). Consider a congruence class C of ¢4. If C' is a subalgebra of A, then
C €T, so C'is asingleton. If C' is not a subalgebra of A, then by Theorem 7.3, C' is still a

singleton. Hence oY = A4, which implies that A € V. O
Theorem 7.2 suggests that replica congruences may sometimes have a simpler form.

Corollary 7.7. Let V be a variety and A be an algebra. The V—replica congruence of A coin-

cides with the relation 0, iff 6 is transitive.

For varieties V and U, we will say that U has simple V—replica congruences if for every

A € U, the relation ¢ is the V-replica congruence of A.
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Proposition 7.8. Let V and U be varieties. If U has simple V—replica congruences, then for

every A € U and every congruence 0 of A, 0\ 04 = 0o % o 0.

Proof. Assume that U/ has simple V—replica congruences and let A € U and 6 be a congruence

of A. Then ¢ = 0} and ¢} ;) = 0 5. Therefore

046 = 040
={(u(ar/0,...,a,/0),v(a1/0,...,a,/0)) |V E u(x) =v(x), a € A%}
={(u(a)/0,v(a)/0) | V | u(z) = v(zx), a € A"}
= {(a/0,0/0) | (a,b) € 04}
= {(a/0,/0) ] (a,b) € 0}3}.

Hence (a/0,b/0) € 0}, iff there are (a', ') € o} such that (a,d’), (b, V) € 0, or equivalently

iff (a,b) € 0 0 o) 0 0. By Lemma 2.16, o , = (¢ V 04) /6. Thus
(a,b) €000l < (a)l,b/h) c QK/Q < (a,b) €0V},
s0 0V o4 =000, 00. O
We will show that if V C U/, then the converse is also true.

Lemma 7.9. Let V C U be varieties and I be a free U-algebra. Then &Y% is the V-replica

congruence of F.

Proof. Let ' = T(X)/of x). By Theorem 7.2, 07 C o} We will show that the converse in-
clusion also holds. Let s(z1,...,%,),t(z1,...,2,) € T(X) be such that ([s],[t]) € oh. By
Corollary 2.23, V |= s = t. Since [s| = s([z1],...,[x,]) and [¢t] = t([z1], ..., [zn]), one has

([s],[t]) € 6%. Hence % C &%. O

Proposition 7.10. Let V C U be varieties. The following conditions are equivalent.
(1) U has simple V—replica congruences.

(i) For every A € U and any congruence 0 of A, one has 0V o4 = 6 o g4 o 6.
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(iii) For every free U—algebra F and any congruence 0 of F, one has 0\ 0% = 0 o g% o 6.

Proof. By Proposition 7.8, (i) implies (ii). Clearly (ii) implies (iii). Assume (iii). Let A € U.
Then A is a homomorphic image of some free {/—algebra F', i.e. there is a surjective homomor-
phism h: F' — A. Suppose (a,b) € o4. There exist p,q € F such that h(p) = a and h(q) = b.
By Theorem 2.7, there exists an isomorphism ¢: F'/ kerh — A such that p(p/kerh) = a and

©(q/kerh) = b. Applying Lemma 2.14 to the inverse isomorphism ¢! yields

(p/ kerh,q/kerh) € 0%/ yern-

By Lemma 2.16 and by (ii1),
Q%/kerh = (kerh V Q};)/ kerh = (kerh o Q}ﬁ o kerh)/ kerh.

Hence (p, q) € kerh o g% o kerh. Thus there exist p’, ¢’ € F such that

(p,p)) € kerh, (p',q) € 0%, (q,q) € kerh.

By Lemma 7.9, 0% = 6%, so there are an identity u(zy,...,z,) = v(zy,...,r,) true in V and

T, ...,Tn € Fsuchthat p’ = u(ry,...,r,) and ¢ = v(ry,...,r,). It follows that
a=h(p) =h(p)=hlu(r,...,rm)) =ulh(ri),.... h(rs)),

b="n(q) =h(q) =h(v(ry,...,m)) =v(h(r),...,h(r,)).
Hence (a,b) € §4. We have shown that o4 C Y. Since the converse inclusion always holds,
o4 = o4. ]
By Corollary 2.24, if V AW = u = v, then there exist terms u = ¢y, ts,...,t, = v such
that for every 1 <i<n, V |Et; =t;4; or W |=t; = t;.1. The following proposition shows

that if V V W has simple W-replica congruences, then this chain of identities has a particular

form.

Proposition 7.11. Let V and VV be varieties. If VN W has simple YW—replica congruences, then

for every identity u(x) = v(x) true in V N W, there exist terms p(x) and q(x) such that
VEu=p, Wgkp=q VEqg=uv
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Proof. Let F' be the free algebra T'(x) /0y 2} of V'V W over the set . Let u(zx) = v(z) be an

identity true in V A W. By Corollary 2.23, ([u], [v]) € o¥""V. Furthermore, by Lemma 2.15,

o™V = ¥ v 0%, and by Proposition 7.10, g% V 0% = g% o 0¥ o o%. Hence there exist terms

p,q € T(x) such that [u] 0% [p] oW [q] 0% [v]. The conclusion follows by Corollary 2.23. []

Since V VW C H(V o W), Proposition 7.11 provides a necessary condition for H() o W)
to have simple VW-replica congruences. On the other hand, the following proposition provides

a sufficient condition for H(V o W) to have simple VW-replica congruences.

Proposition 7.12. Let V and W be varieties, and let VV be term idempotent. If there exist terms
p(z,y, 2), q(z,y, 2), and t(x) such that the following conditions are satisfied
(a) V ’: p(xayay) =7z, Q(xaxay) =Y

(b) W= p(t(x), 1(x), 1(y)) = q(t(x), t(y), t(y)),

then H(V o W) has simple YW—replica congruences.

Proof. Let A € H(V oW). We will show that 5" is transitive. Let (a,b) € 6 and (b, c) € %Y.
If b coincides with a or ¢, then (a, ¢) € 6%, so we can assume that b is distinct from a and c. It
follows that there are nontrivial identities u; (1) = vy (@1) and us(x2) = vo(x2) true in W and
elements d; € A** and dy € A™2 such that
a=ui(dy), b=wv(d),
b=wus(dy), c¢=wvy(ds).

The terms wu;, v1, us, and vq are term idempotents of W, so W satisfies the identities ¢(u1) = uq,

t(v1) = vy, t(ug) = ug, and t(ve) = vy. We define the terms
u(xy, 2) = p(us, v1, ug) and v(x1, X2) = q(v1, Uz, V).
The following identities are true in W,

W= u = p(uy,vi,us) = plug, ur, ug) = p(t(ur), t(ur), t(uz))

= q(t(u1), t(ug), t(uz)) = q(ur, ug, u2) = q(v1, ug,v2) = v,
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where the middle identity follows from (b). Hence WV satisfies the identity u = v.

By Lemma 4.1, (a) implies that A satisfies the identities

p(uhvl,vl) = Uy, Q(U2,U2,U2) = V2.

Consequently,

u(dy, dy) = p(ur(dy), vi(di), uz(ds)) = p(ui(di), vi(dr), vi(dr)) = ui(dr) = a,

v(dy, da) = q(vi(dy), uz(da), va(da)) = q(ua(dy), uz(ds), v2(da)) = v2(ds) = c.
We have shown that (a, ¢) € 6%, so 8" is transitive. By Corollary 7.7, ¢¥} = 6. O

For varieties V and W such that V A W is trivial, the implication of Proposition 7.12 be-

comes an equivalence and the conditions (a) and (b) reduce to a simpler form.

Proposition 7.13. Let V and W be varieties such that V N W is trivial, and let VW be term
idempotent. The variety H(V o W) has simple W-replica congruences iff there exist terms
p(z,y) and q(x,y) such that the following conditions are satisfied

@ V= ple,y) ==, qlz,y) =y,

(b) Wk p(z,y) = q(z, y).

Proof. The conditions (a) and (b) are a special case of the conditions (a) and (b) of Proposi-
tion 7.12. Namely the case when the term ¢(z) is the variable = and the terms p(z,y, z) and
q(z,y, z) do not depend on the middle variable. Therefore (a) and (b) imply that H(} o W) has
simple WW-replica congruences.

Assume that H() o W) has simple WW-replica congruences. Then V'V WV also has simple
W-replica congruences, because V VW C H(V o W). Since V A W is trivial, it satisfies the
identity = = y. By Proposition 7.11, there are terms p(z, y) and ¢(z, y) such that (a) and (b) are

satisfied. O]

For a variety V and a term idempotent variety WV such that V A W is trivial, there is a de-

scription of the W-replica congruence of an algebra A € V o W which is different from the
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one provided by Theorem 7.2. The set Id(V) U Id(W) is an equational base for the trivial vari-
ety V A W. Hence one of its consequences is the identity x = y. Furthermore, the identity z = y
contains only the variables = and y, so it is a consequence of Id, (V) Uldg, 3 (W), where
Id, .y (U) is the subset of Id(Z{) consisting of identities whose both sides belong to T'({z, y}).

For a set X, let Ay = {(a,a) | a € X}. For any binary relation « C X?, the reflexive

closure of « is the smallest reflexive relation that contains «. It is given by o U Ax.

Theorem 7.14. Let V and VW be varieties such that V N W is trivial, and let VV be term idem-
potent. Let 33 C 1d, .3 (V) be such that the identity x = y is a consequence of ¥. U Idg, ,y V).

Then for every algebra A € V o W, the W—-replica congruence of A is given by
on = {(a,0) € A% | V(u(z,y) = v(z,y)) € X u(a,b) =v(a,b)} U Ay

Proof. Let A € V oW and let ¢ be the binary relation from the statement of the theorem. By
Theorem 7.3, every congruence class of ¢}’ is a subalgebra of A, and thus a V—algebra, or it is a
singleton. Hence every pair of distinct elements (a, b) € ¢’ satisfies every identity in 3, which
implies that o'} C 1. Now let (a,b) € ) and a # b. Then a and b satisfy every identity in 3.
Consequently, the elements a/0" and b/ o"Y of A/ also satisfy every identity in ¥. Further-
more, since A/0"% € W, the elements /o and b/ satisfy every identity in Idg, ,,(W). It

follows that a/o"W = b/0". Hence (a,b) € 0%, s0 ¢ C 0. O

If W is idempotent, then for every A € V o W and a € A, the congruence class a/o") is
a subalgebra of A, and so a/0"Y € V. Hence for any identity u(z,y) = v(z,y) true in V, one
has u(a,a) = v(a,a). Thus for idempotent WV, the reflexive closure in the formula for ¢ in

Theorem 7.14 is redundant and it may be dropped.

Example 7.15. Let V be a variety which satisfies an irregular identity ¢(x, y) = u(z), where the
term t(x, y) is binary. Then the intersection of )V with the variety S of {)-semilattices is trivial.

The set of identities {¢(z,y) = u(x)} Uld, 3 (S) implies the identity = = y, because one has

v =u(z) =t(z,y) =ty z) =uly) =y

63



Hence, by Theorem 7.14, for every A € V o S, the S—replica congruence of A is given by

oh = {(a,b) € A% | H(a,b) = u(a)}.
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8 Sufficient condition

Let V and W be varieties, F be the class of free algebras of H()V o W), K be a class such that
F C K CH(VoW),and n be a positive integer. We will denote by Pi(n) the condition that
for any algebra A € K, any congruence  of A, any congruence class D of  \ ¢!} which is a
subalgebra of A, and any elements ay, . .., a, € D, there exista congruence class £ of QZ‘V which
is a subalgebra of A and elements a, ..., a,, € E such that (a;,a}) € 6 foreach 1 <i < n. By
Theorem 2.18, F C Vo W C H(V o W). We will denote the condition Pyey(n) by P(n).
The following proposition provides a method of proving that a given condition on varieties
V and WV is sufficient for the Maltsev product V o WV to be a variety. It suffices to prove that

this condition implies the conditions P(n), n > 1.

Proposition 8.1. Let V and W be varieties. If P(n) holds for every n > 1, then the Maltsev

product V o W is a variety.

Proof. In order to prove that the prevariety VV o W is closed under homomorphic images, we
will show that each quotient of an algebra A € VV o W belongs to V o W. Let 6§ be a congru-
ence of A and C' be a congruence class of QZV/Q which is a subalgebra of A/6. Let an identity
w(zy, ..., x,) =v(xy,...,2,) betruein V and let a, /0, ..., a,/0 € C. By Lemma 2.16, one
has 0%}, = (0 V ¢%')/0. By Lemma 2.10, the congruence class [ C' of 6 v ¢’ is a subalgebra
of A. By P(n), there are a congruence class E of o'V which is a subalgebra of A and elements

ay,...,al, € E suchthat (a;,a}) € 0 for each 1 < i < n. By Theorem 2.25, £ € V, which im-

r'n

plies that u(al,...,al) = v(d},...,al). Therefore

u(ar/0,...,a,/0) =u(ay/b,...,a,/0) =uld,... al)/0
=v(a},...,a)/0 =v(d}/0,...,a,/0) =v(a1/0,..., a,/0).
Hence C satisfies every identity true in )V, and thus C' € V. It follows that A/§ € Vo W. [
In the proof of Proposition 8.1 we make use of the fact that every algebra in H(V o W) is a

homomorphic image of some algebra in V o W. Due to this fact, the assumption that the condi-

tions Pyow(n), n > 1, hold, allows us derive the conclusion. Every algebra in H(V o W) is also
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a homomorphic image of some algebra in 7 C V o W. Thus we could derive the same conclu-
sion assuming only that the conditions Pr(n), n > 1, hold. However the following result shows
that the conditions Px(n) and Pyoy(n) are equivalent for every n > 1, so the latter approach is

not more general.

Proposition 8.2. Let V and W be varieties and let F C IC, K" C H(V o W). For every positive

integer n, the conditions Pc(n) and Px/(n) are equivalent.

Proof. We will show that Pr(n) implies Pyvow)(n). Assume Pr(n). EachalgebrainH(V o W)
is isomorphic to some quotient F' /1) of some free algebra F' € F. By Theorem 2.9, every con-
gruence of F' /¢ is of the form 6 /1) for some congruence 6 D v of F'. The assignment 6 +— 6/
is a lattice isomorphism, so it preserves joins. Let D be a congruence class of 0 /1) V g}"/w which

is a subalgebra of F'/+¢ and a, /1, . .., a,/v € D. By Lemma 2.16, Q?’w = (¢ V o%) /1. Thus

0/ o)y =0/0NV (Vo) /b = OV YV op) /b = (0V oF ) /1.

By Lemma 2.10, the congruence class | JD of 6 V o) is a subalgebra of F. By Pr(n), there
exista),...,a!, € |JD that lie in the same congruence class of ¢}¥ which is a subalgebra of F,
and are such that (a;, a;) € 6 for each 1 < i <n. Consequently a} /1, ...,a, /v € D lie in the
same congruence class of (¢ V o) /¢ = Q}?V/Qp and (a; /v, a}/v) € 0/ foreach 1 <i < n. It
follows that Py (1) holds.

Now let 7 C K, K’ C H(V o W). Then P (n) implies Pr(n), Pr(n) implies Pyvon) (1),
and Pyyow)(n) implies Pc/(n). Hence P (n) implies Pxs(n). By the same argument Py (n)

implies P(n). O

The proofs of the following two results show the usefulness of the notion of term idempo-
tence in the context of this chapter. Recall that the variety A of all algebras of a given type is

the only term idempotent variety that has no term idempotents.

Proposition 8.3. Let V and Y be varieties. If W is term idempotent and distinct from A, then

the condition P(1) holds.
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Proof. Let A € V oW, 6 be a congruence of A, D be a congruence class of @ \V ¢!} which is a
subalgebra of A, and @ € D. Assume that there is no a’ € a/6 such that the congruence class
a'/ oY is a subalgebra of A. By Theorem 7.3, for every b € a /6, one has b/o"V = {b} C a/6.
Hence a/0 = a/(0V o) = D.

Let ¢(x) be a term idempotent of W. Since D = a/6 is a subalgebra of A, it contains the
value t(a). By Lemma 3.3, the congruence class t(a) /0"’ is a subalgebra of A, which is a con-

tradiction. It follows that P(1) holds. O

Proposition 8.4. Let V and VW be varieties, and let VW be term idempotent and distinct from A.

The condition P(2) holds iff H(V o W) has simple W-replica congruences.

Proof. We apply Proposition 7.10 to varieties YV C H(V o W). The condition (i), which says
that H(V o W) has simple W-replica congruences, is equivalent to the condition (ii), which says
that for every A € H(V o W) and any congruence 6 of A, one has 0 \V 0%/ = 6o o%}) 0 6.
Assume that P(2) holds. By Proposition 8.2, Pyyow)(2) also holds. Let A € H(V o W)
and 0 be a congruence of A. By Theorem 7.3, congruence classes of QZ\}/Q = (0V0Y)/0 are
subalgebras of A/ or singletons. Thus, by Lemma 2.10, congruence classes of 6 V oV are
subalgebras of A or congruence classes of 6. Let (a,b) € 0V ¢%}). Then a and b lie in some
congruence class D of 6 VV 0. If D is a subalgebra, then by Pyyvow)(2), there are a’,b' € D
such that (¢, V') € oY% and (a,d’), (b,V') € 6. Hence (a,b) € 6 o g% o 6. Otherwise, D is a
congruence class of @, so (a,b) € 0 C 0o % o 6. It follows that 6 VV 0!V = 0 0 0 0 0.
Assume that for each A € H(V o W) and any congruence 6 of A, 6V oW = 6o 0"V 0 0. Let
A €V oW, 0 bea congruence of A, D be a congruence class of § VV o'V which is a subalgebra
of A, and a,b € D. Then (a,b) € 0 o ¢ o 0, which implies that there are ¢, d € D such that
afco? dOb. By Theorem 7.3, the congruence class ¢/o"W = d/o") is a subalgebra of A or
a singleton. In the former case P(2) holds with ' = ¢ and &' = d. In the latter case ¢ = d, so
(a,b) € 6. By Proposition 8.3, P(1) holds. Thus there exists ¢ € D such that (a,e) € 6 and

e/ 0" is a subalgebra. Since also (b, ¢) € 0, P(2) holds with @’ =/ = e. O
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We will now use the method provided by Proposition 8.1 to prove a new sufficient condition
for the Maltsev product V o WV of a variety V and a term idempotent variety }V to be a variety.
Note that by Proposition 8.4, any such sufficient condition which is provable using that method

must imply that H(V o W) has simple VW—-replica congruences.

Lemma 8.5. Let W be a variety, u and v be terms, and t(x) be an at most unary term. If

W u(t(zy), ..., t(x,)) = v(t(z1),. .., t(x,)), (8.1)

then for every at most unary term idempotent p(x) of W,

W Eu(p(z),...,p(x,)) = v(p(xr),. .., p(x,)). (8.2)

Proof. Let p(z) be a term idempotent of W. The identity (8.1) has the consequence

W = u(t(p(zr)), .., tHp(ea))) = v(t(p(z1)), - - H(p(2n))). (8.3)

If ¢ is unary, then by Proposition 3.7(3), t(p(z)) is W—equivalent to p(z). If ¢ is nullary, then
t(p(z)) coincides with the constant term ¢. Thus, by Proposition 3.11, £(p(x)) is W—equivalent

to p(x). Therefore (8.3) implies (8.2). ]

Theorem 8.6. Let V and VW be varieties, and let VW be term idempotent. If there exist terms
p(z,y, 2), q(z,y, z), and t(z) such that

@ VEpyy) =z qlz,zy) =y,

(b) W= p(t(x), t(x), t(y)) = q(t(x), t(y), t(y)),

then the Maltsev product V o W is a variety.

Proof. For any variety V), the Maltsev product )V o A coincides with A4, so it is a variety. We
may thus assume that W is distinct from 4. By Lemma 8.5, we may assume that ¢(z) is a term
idempotent of W.

By Proposition 8.3, P(1) holds. By Proposition 7.12 and Proposition 8.4, P(2) holds. Let
n > 3 and assume that P(n — 1) holds. We will show that P(n) also holds. Let A € Vo W,

0 be a congruence of A, D be a congruence class of 6 V ') which is a subalgebra of A, and
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ai,...,a, € D. By P(n — 1), there are a congruence class £ of o2 which is a subalgebra
of A and elements by, ...,b,_1 € F such that (a;,b;) € 0 for each 1 < i < n. By P(2), there
are a congruence class E’ of ¢ which is a subalgebra of A and elements ¢,d € E’ such that
(b1, c) € fand (a,,d) € 6. By Theorem 2.25, FE and £’ belong to V, so they satisfy the identities

of (a). Furthermore, A/ satisfies the identity of (b). It follows that for every 1 < i < n,
a; 0 by = p(bi, bi, br) 0 p(bs, br, ) 02 p(br, br, d) 0 p(t(br), t(b1), t(d))
o q(t(br), t(d), t(d)) 04 q(bs,d,d) 0% q(bs,c,d) 0 q(c,c,d) = d § a,.
Hence if we define a] = p(b;, b1, ¢) foreach 1 < i < n and a!, = q(by, ¢, d), then
a; 0 a; 0)f p(t(br), t(b1), t(d)), VI <i<n.

Therefore elements a}, . . ., a/, lie in the congruence class p(t(b1),t(b1),t(d))/0"Y and are such
that (a;, a;) € 6 for each 1 < i < n. By Proposition 6.1, the set of term idempotents of W is a
sink of 7'(w). Since the term ¢(z) is a term idempotent of W, the term p(t(x),t(z),t(y)) is also
a term idempotent of V. Thus by Proposition 3.3, the congruence class p(t(b), t(b1),t(d))/ o'W

is a subalgebra of A. Consequently P(n) holds. By Proposition 8.1, o W is a variety. [

Let V and W be varieties that satisfy the sufficient condition presented in Theorem 8.6. By
Theorem 4.2, the variety }V o W is defined by the set of identities ©"V for any equational base &
for V. By Theorem 7.3, the WW-replica congruence ¢ of an algebra A € V o W partitions the

universe of A into congruence classes that are V—algebras or singletons. By Proposition 7.12,

o = {(u(a), v(a)) | W F u(z) = v(z), a € A"}.
For any variety U/ that contains both V' and W, the Maltsev U/—product V oy, W coincides with
the intersection of the varieties V o W and U. Hence V oy, W is a variety. It is defined relative
to I/ by XY, For any subvarieties Vy C V and W, C W, the varieties V), and Wy also satisty
the sufficient condition, so the Maltsev product V, o W/ is a variety.
Theorem 8.6 is a considerable extension of [ 19, Thm. 4.1]. The new proof strategy employed
in this work allowed us to obtain a weaker sufficient condition. We will finish this chapter with

comments on some aspects of the new sufficient condition.
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The use of the term ¢ () in the condition (b) may be interpreted as a requirement that for any

algebra A € W, the identity

p(z,7,y) = q(z,y,y) (8.4)

is satisfied by the elements of the set S = {t(a) | a € A}. The set S contains all idempotents
of A. If t(x) is a term idempotent of W, then S is precisely the set I(A) of idempotents of A.
By Proposition 6.1, I(A) is a subalgebra of A. We thus only require that the subalgebras I(A)
of algebras A € W satisfy the identity (8.4).

The conditions (a) and (b) of Theorem 8.6 resemble the Maltsev condition for a variety to be
congruence 3—permutable. By Theorem 2.12, a variety U/ is congruence 3—permutable iff there

exist terms p(z,y, z) and ¢(z, y, z) such that I/ satisfies the identities

p(x,y,y) =z, qlz,z,y)=y, »,z,y) =qx7yy). (8.5)

The condition (a) requires ) to satisfy the first two of identities (8.5) and the condition (b)
requires W to satisfy a weaker version of the last of identities (8.5). This similarity may be
explained by the following observation. The identities (8.5) entail that for any congruences 0
and v of an algebra A € U, one has 6 \V 1) = 0 o 1) o §. On the other hand by Propositions 7.10
and 7.12, the conditions (a) and (b) entail that for any congruence 6 of an algebra A € Vo W,

one has OV oV = 6o oW o0.
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9 Consequences and examples

We will derive additional sufficient conditions as consequences of Theorem 8.6 and we will
illustrate their application with examples. In the following two results, the requirements for

varieties VV and )V are separated, so these varieties may be chosen independently.

Theorem 9.1. If'V is a congruence permutable variety and VV is a term idempotent variety,

then the Maltsev product V o VW is a variety.

Proof. Let p(z,y, z) be a Maltsev term for V. Define terms ¢(x,y, z) and t(z) as p(z, x, z) and
x respectively. For such terms p, ¢, and ¢, the conditions of Theorem 8.6 take the following
form:

@ V= plr,y,y) =z, ple,z,y) =y,

(b) W = p(a, z,y) = p(z, z,y).
The identities of (a) are the identities that define a Maltsev term, so (a) is satisfied. The identity

of (b) is trivial, so (b) is satisfied. [

Example 9.2. [19, Ex. 5.8] The variety G of groups of the type {-,! } is defined by the fol-
lowing identities:

M (z-y)-z=x-(y-2)

@ -t =gy,

Gz (z-aH)=x=(x 27" 2
This variety is equivalent to the usual variety of groups of the type { -,~!, e}. We will consider
the Maltsev product of G and the variety of lattices £. We must first present each of them as an
equivalent variety of the type Q2 = {+, -,~' }. The variety G of groups of the type 2 is defined
by the identities that define G and the identity « + y = x - y. The variety £ of lattices of the
type 2 is defined by the identities that define £ and the identity ~' = z. Since G is congruence
permutable and £ is idempotent, by Theorem 9.1, the Maltsev product G o L is a variety. Both

G and L are strongly irregular and £ is idempotent, so by Proposition 4.15, G o L is a strongly

irregular variety. Furthermore, for every pair of subvarieties G’ C G and £’ C L, their Maltsev
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product G’ o L' is also a variety. E.g. G’ may be the variety of Abelian groups and £’ may be the

variety of distributive lattices.

Theorem 9.3. [19, Thm. 6.10] If'V is a variety and VV is a polarized term idempotent variety,

then the Maltsev product V o W is a variety.

Proof. Let t(x) be a polar term of W. Define terms p(z,y, z) and ¢(z,y, z) as « and z respec-
tively. Then the conditions of Theorem 8.6 take the following form:

@ ViEr=2zy=y,

(b) W = i(x) = t(y)-

The identities of (a) are trivial, so (a) is satisfied. Since ¢(z) is constant in W, (b) is satisfied. [

Example 9.4. The variety Cs of all constant semigroups is polarized and term idempotent. By
Theorem 9.3, if V is a variety of magmas, then the Maltsev product V o Cs is a variety. E.g.

Lz oCs is a variety.
The following result extends Theorem 1.5.

Theorem 9.5. Let V and VW be varieties, and let VV be term idempotent. If the join V NV W is

congruence 3—permutable, then the Maltsev product V o W is a variety.
Proof. By Theorem 2.12, there are terms p(x, y, z) and q(x, y, z) such that V vV WV satisfies the
identities

x:p(xayay)v p(xax7y> ZQ(xvyay)v Q<x7$7y) =Y. (91)
Since )V and WV also satisfy these identities, the conditions (a) and (b) of Theorem 8.6 are satis-

fied. O]

Corollary 9.6. Ifa variety V is term idempotent and congruence 3—permutable, then the Maltsev

productV oV is a variety.

Corollary 9.7. If U is an idempotent and congruence 3—permutable variety, then for every pair

of subvarieties YV, VW C U, the Maltsev product V o W is a variety.
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Maltsev was interested in families of subclasses of a class I of algebras, that are closed
under the Maltsev K—product. By Theorem 1.3, the class of subvarieties of a congruence per-
mutable and polarized variety U is closed under the Maltsev /—product. The following corollary

provides another example of a variety ¢/ with such a property.

Corollary 9.8. If U is an idempotent and congruence 3—permutable variety, then the class of

subvarieties of U is closed under the Maltsev U—product.

Example 9.9. Let P; denote the variety of the type {p, ¢} with two ternary basic operation
symbols that is defined by the identities (9.1). This is the most general congruence 3—permutable
variety in the sense that a variety ) is congruence 3—permutable iff there is an interpretation of
P3 in V. The variety Ps is also idempotent, so by Corollary 9.7, the Maltsev product of any pair

of subvarieties of Ps is a variety. In particular P3 o Ps is a variety.

The special case of Theorem 9.1 when W is an idempotent variety already follows from the
previous version of the sufficient condition presented in [19, Thm. 4.1]. However neither the
full version of Theorem 9.1 nor Theorems 9.3 and 9.5 follow from [19, Thm. 4.1].

We will now investigate the consequences of Theorem 8.6 for varieties VV and W such that
YV AW is trivial. We previously observed that there is the following special case of the condi-

tions (a) and (b).

Theorem 9.10. [19, Cor. 5.2] Let V and W be varieties, and let VV be term idempotent. If there
exist terms p(x,y) and q(x,y) such that

@ V= ple,y) ==, qlz,y) =y,

(b) Wk p(z,y) = q(z,y),

then the Maltsev product V o W is a variety.

The assumptions of Theorem 9.10 may be rephrased as requiring the existence of WW—
equivalent terms p(x,y) and g(x,y) that are V—equivalent to = and y respectively. The exis-
tence of such terms implies the equivalence of the terms x and y in the meet V A W. This in

turn implies that VV A W is trivial. If V and }V are varieties that satisfy these assumptions, then
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Theorem 7.14 provides a description of the VV/—replica congruence of any algebra in the variety
VY o W. The following proposition shows that for a variety V and a term idempotent variety W
such that VV A W is trivial, Theorem 9.10 presents the most general sufficient condition for the
Maltsev product V o W to be a variety which is provable using the method provided by Propo-

sition 8.1.

Proposition 9.11. Let V and W be varieties such that V N W is trivial, and let VV be term
idempotent and distinct from A. The following conditions are equivalent.
(i) P(n) holds for every n > 1.
(il) P(2) holds.
(iii) H(V o W) has simple W-replica congruences.
(iv) There exist terms p(x,y) and q(x,y) such that
@) V= ple,y) =z, q(z,y) =y,

b)) W p(r,y) = q(z,y).

Proof. Clearly (i) implies (ii). By Proposition 8.4, (ii) and (iii) are equivalent, and by Proposi-
tion 7.13, (iii) and (iv) are equivalent. The conditions (a) and (b) of (iv) are a special case of the

conditions (a) and (b) of Theorem 8.6, so (iv) implies (i). [

Example 9.12. A group G is Boolean if every element of G is its own inverse. The variety Bg
of all Boolean groups can be considered as the subvariety of S¢g defined relative to Sg by the
identities
r-(y-y)=r=(y-y)

Let p(z,y) be the term z - (y - y) and ¢(z, y) be the term (z - x) - y. In the variety Bg, p and ¢
are equivalent to x and y respectively. In the term idempotent variety Rs of Example 6.3, p
and ¢ are equivalent. Thus, by Theorem 9.10, Bg o Rs is a variety. The variety By is strongly
irregular and the variety Rs is irregular, but not strongly irregular, so by Corollary 4.14, the

variety Bg o Rs is irregular.

Example 9.13. Consider the variety Rs of the type {-,+} defined by the identities defining
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Rs and the identity  + y = x - y. This variety is equivalent to Rs. Let p(z,y) be the term
x + (z - y) and q(x, ) be the term (z - y) + y. These terms are Rs—equivalent. In the variety £
of lattices, p and q are equivalent to = and y respectively (due to the absorption laws). Thus, by

Theorem 9.10, £ o Rs is a variety.

Varieties V and W are independent if there exists a term p(x,y) that is V—equivalent to x
and VW—equivalent to y. Such a term is called a decomposition term. For independent varieties
VY and W, the meet V A W is the trivial variety and the join V V W consists of all algebras that
are isomorphic to products A x B for A € V and B € W. See [21, Sec. 3.5] for the discussion

of independence of varieties.

Corollary 9.14. [19, Cor. 5.5] Ifvarieties ¥V and VV are independent and VV is term idempotent,

then the Maltsev product V o W is a variety.

Proof. Let p(z,y) be a decomposition term for } and V. Define a term ¢(x, y) as y. Then the
conditions of Theorem 9.10 take the following form:

@ VEply =z y=y,

(b) W= p(z,y) = y.

Since p(z, y) is a decomposition term for V and W, (a) and (b) are satisfied. O

Example 9.15. [19, Ex. 5.6] The varieties £z and Rz are independent with a decomposition
term x - y, so by Corollary 9.14, Lz o Rz is a variety. The join Lz V Rz is the variety Rb (see

[12, p. 120]).
We will say that a term p(z, y) is symmetric in a variety V if V = p(z,y) = p(y, ).

Corollary 9.16. LetV and VWV be varieties, and let VW be term idempotent. If there exists a term
p(x,y) that is symmetric in VW and equivalent to x in V, then the Maltsev product V) o W is a

variety.

Proof. Letp(x,y) be aterm as in the statement of this corollary. Define a term ¢(z, y) as p(y, x).

For such terms p and ¢, the conditions (a) and (b) of Theorem 9.10 are satisfied. [
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Example 9.17. Recall from Example 6.16 that Com is the variety of commutative magmas and
that Com" is defined relative to Com by the identity (z - y) - (x - y) = x - y. Since the term x - y
is symmetric in Com and it is equivalent to = in Lz, by Corollary 9.16, Lz o Com" is a variety.

By Corollary 6.19, this variety is term idempotent.

Example 9.18. Let CZ be the variety of commutative and idempotent magmas. It is defined by
the identities # -y = v - v and = - © = x. Let us consider an equivalent variety CZ of the type
{ -, } defined by the identities that define CZ and the identity ' = z. Theterm z - (y -y~ '),
which is equivalent to z in the variety G of groups of the type {-,”'} (see Example 9.2), is

symmetric in CZ, because
CIkz-(y-y N=a-(yy=v-y=y- =y (z-2)=y-(x-2").
Thus, by Corollary 9.16, G o CZ is a variety. The same is true for any subvariety of CZ. The

variety Sq of Steiner quasigroups is defined relative to CZ by the identity = - (= - y) = y. Hence

G o Sq is a variety.

Theorem 9.19. [3, Thm. 6.3] If V is a strongly irregular variety, then the Maltsev product

V o S is a variety.

Proof. Lett(x,y) = x be a strongly irregular identity true in V. Since the term ¢(x, y) contains
both variables x and y, the identity ¢(z,y) = t(y,x) is regular, and thus it is true in S. By

Corollary 9.16,V o S is a variety. ]

Let V be a strongly irregular variety. Since S is regular, by Proposition 4.13, the variety
V o § is regular. Example 4.5 provides an equational base for } o S, which coincides with the
equational base provided in [3]. As shown in Example 7.15, for any A € V o S, the S—replica

congruence of A is given by
S _ 2 _
02 = {(a,b) € A7 [ t(a,b) = a},

where t(z,y) = x is a strongly irregular identity satisfied in . If the type of V is plural, then

algebras in )V o § are called semilattice sums of V—algebras (see [20]).
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The following counterexample shows that in Theorem 9.19, the assumption that V is strongly
irregular cannot be replaced by the assumption that ) is irregular. This answers in the negative

the question posed in [3, Prob. 6.5].

Counterexample 9.20. [19, Ex. 5.9] Recall that the variety Cs of constant semigroups is irreg-
ular, but not strongly irregular. We will show that Cs o S fails to be a variety by providing an

example of an algebra A € Cs o S that has a quotient A/0 ¢ Cso S. Let A be defined by the

following table
a e b f
ale e b f
ele e f f
byb f f f
Forrrr

The S—replica congruence of A has two congruence classes {a, e} and {b, f} that are constant
semigroups with constant values e and f respectively, so A € Cs o S. The congruence 6 of A

with congruence classes {a}, {b}, and E = {e, f} yields the quotient A/ with the following

table
[ {a} {0} E
{a} | E {0} E
{o} | {b} E F

E | E E FE

The S—replica congruence of A/ is the maximum congruence, i.e. the whole universe A/6

forms a congruence class. However A/6 is not a constant semigroup, so A/0 ¢ Cso S.

One might conjecture that for a variety )V and a term idempotent variety V¥ such that V A W
is trivial, the sufficient condition for V o W to be a variety provided by Theorem 9.10 is also a
necessary condition. If this was true, then the proposition that )V o § is a variety if V is irregular,

which we refuted by a counterexample, could be refuted on account of the following result.

Proposition 9.21. Let V and VW be nontrivial varieties of a type that contains basic operations
of arity at least two. If'V is not strongly irregular and VV is regular, then there do not exist terms
p(z,y) and q(x,y) such that

@) V= pl,y) =2, q(z,y) =y,

(b) W= p(z,y) = q(x,y).
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Proof. Assume that there exist terms p and ¢ such that (a) and (b) hold. Then var(p) = {z},
because otherwise it would be possible to derive a strongly irregular identity from V = p = z.

Analogously, var(q) = {y}. Hence W [~ p = ¢, which contradicts (b). O

If the aforementioned conjecture is true, then for any nontrivial varieties V and VV of a type
that contains basic operations of arity at least two, such that ) is not strongly irregular, WV is
regular and term idempotent, and VV A W is trivial, the Maltsev product }V o W is not a variety.
An example of such varieties whose Maltsev product is nonetheless a variety would thus be a
counterexample to the conjecture and the nonexistence of such examples would point towards
its verity.

For any plural type 2 without symbols of basic operations of arity greater than two, let us
define a variety Bg, by the following identities

(1) the associative and the idempotent law for a chosen binary - € €2,

(2) x ey = x %y for all binary e, x € €,

(3) f(x) =« for all unary f € Q.
Then (1) makes - a band operation, (2) makes all binary basic operations equal to -, so in par-
ticular it makes no difference which basic operation was chosen in (1), and (3) makes all unary
basic operations equal to the identity operation. The variety Bq, is equivalent to the variety of

bands B. Algebras in Bg, may be called (2-bands. We will denote B, simply by B.

Corollary 9.22. [18, Thm. 4.4] Let V be a variety of a plural type ) without symbols of basic
operations of arity greater than two. If there exist binary terms p(x,y) and q(x,y) such that
the first variable of both terms is the same and the last variable of both terms is the same, and
they are V—equivalent to x and y respectively, then for any variety VW C B, the Maltsev product

V o W is a variety.

Proof. The free band over generators = and y consists of the equivalence classes represented by
terms z, y, xy, yx, ryx, and yxy. Each of the last 4 classes consists of all terms that contain both

variables x and y, and have the same first variable and the same last variable as the representative
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term. Since the binary terms p and ¢ contain both variables x and y and have the same first and
the same last variable, they belong to the same class. Hence they are equivalent in B. Therefore,

by Theorem 9.10, V o W is a variety. O

Example 9.23. [18, Ex. 4.3] In the variety of groups G, consider the binary terms - (y !

*y)
and (z - ') - y. They have the same first variable and the same last variable, and G satisfies
the identities

vy iy =x,  (@aT)y=y 92)
By Corollary 9.22, G o B is a variety. Furthermore, any variety that has the group basic opera-
tions satisfies the identities (9.2). E.g. for the variety R of all rings (defined without the symbols

of constants), the Maltsev product R o B is also a variety.

Example 9.24. [18, Ex. 4.1] In the variety of lattices £, the terms = + (z - y) and (x - y) + y
satisfy the conditions of Corollary 9.22, so £ o B is a variety. The same is true for any variety

that has the lattice basic operations, e.g. the variety of Boolean algebras.

Example 9.25. [18, Ex. 4.2] In the variety of quasigroups Q, the terms (z - y)/y and z \(z - y)

satisfy the conditions of Corollary 9.22, so Q o B is a variety.

By Corollary 6.19, adding an assumption that V' is idempotent to Theorem 8.6 or to one of
its consequences presented in this chapter, results in a stronger conclusion that ) o JV is a term
idempotent variety. New examples of term idempotent varieties may be constructed this way.

E.g. the following results are corollaries of Theorems 9.1 and 9.3 respectively.

Corollary 9.26. If'V is an idempotent congruence permutable variety and VV is a term idem-

potent variety, then the Maltsev product V o W is a term idempotent variety.

Corollary 9.27. If V is an idempotent variety and VW is a polarized term idempotent variety,

then the Maltsev product V o W is a term idempotent variety.

Example 9.28. The variety S of {2—semilattices is idempotent and the variety C of constant

algebras is polarized and term idempotent. Hence S o C is a term idempotent variety.
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Both Corollary 9.26 and Theorem 9.3 can be applied iteratively, which leads to the following

results about repeated Maltsev products.

Corollary 9.29. If V,, ..., V), are idempotent congruence permutable varieties and VV is a term
idempotent variety, then the repeated Maltsev product V, o (---o (V3o (Voo (VioW)))--+) is

a term idempotent variety.

Corollary 9.30. IV is a variety and W, . .., W,, are polarized term idempotent varieties, then

the repeated Maltsev product (--- (((V o Wy) o Wa) o Ws) o ---) o W, is a variety.

For a variety V' and a positive integer n, let us define the nth right—power V™ of V and the

nth left-power "V of V as n—fold repeated Maltsev products of the following forms
Vi=(-(((VoV)oV)oV)o---)oV,
"W=Vo(--ro(Vo(Vo(Vol)))- ).

Corollaries 9.29 and 9.30 yield the following results.

Corollary 9.31. If' V is an idempotent congruence permutable variety, then every left-power

of 'V is an idempotent variety.

Corollary 9.32. If' V is a polarized term idempotent variety, then every right-power of V is a

variety.

We conclude this work with a brief discussion of possible directions of further research. The

following are some of the open questions concerning our results.

Question 9.33. What is the most general sufficient condition for a Maltsev product of two va-

rieties to be a variety which is provable using the method provided by Proposition 8.1?

Question 9.34. For a variety V and a term idempotent variety VV such that VV A W is trivial, is
the sufficient condition for the Maltsev product V o WV to be a variety presented in Theorem 9.10

also a necessary condition?

80



If varieties V and W satisfy the sufficient condition of Theorem 8.6, then for any variety I/
that contains both ) and WV, the Maltsev U/—product V o,y W is a variety. This yields a suffi-
cient condition for a Maltsev /—product of two varieties to be a variety. However this sufficient
condition lacks any requirements on the variety /. It might prove to be fruitful to research the

possibility of finding a common generalization of Theorem 8.6 and Theorem 1.4.
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